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Chapter 1 
General Introduction 
1.1 Introduction 
Walking, sitting or chewing are things we often do without thinking. Sometimes we 
are hardly aware of what we do, until problems occur. Breathing is a good example. 
As for all mammals, we have to breathe for the uptake of oxygen and for the release 
of carbon dioxide. In the tissue, oxygen is needed to release energy. Most of the 
oxygen is utilized in the mitochondria. The oxygen has to be transported from the 
outside air to the mitochondria. In this thesis we will only consider a small part of 
this pathway. It is the purpose of this study to determine the most important factors 
in oxygen transport around the capillaries and to quantify them for the development 
of a numerical approximation of oxygen transport from red blood cells (RBCs) into 
the tissue. 
The method applied to investigate this part of the oxygen transport is mathe-
matical modeling. Many processes can be described by mathematical equations. 
Sometimes these equations can be solved for particular situations, defined by ap-
propriate parameter values. Then, this can in turn be used to gain insight into the 
processes or to predict or control the behavior of the process or the model system. 
1.2 Oxygen transport 
Once air is inhaled into the lungs, the oxygen has to be extracted from the air into 
the blood. In the blood the oxygen is bound to hemoglobin, located in the red 
blood cells. The blood flows through the blood vessels from the lungs via the heart 
to the tissue. Blood vessels come in different types. Listed in decreasing diameter 
and starting at the left part of the heart we have the aorta, arteries, arterioles, and 
capillaries. Most of the oxygen is extracted into the tissue from the blood in the 
capillaries. After passing through the capillaries the blood flows back to the heart 
via the venules and the veins. 
As far as oxygen transport is concerned, there are two types of transport that 
play a role: convection and diffusion. For longer distances convection is the most 
efficient way of transport, whereas on a smaller scale diffusion is. The transport 
of the air into the lungs, and the blood inside the vessels, is convective transport. 
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2 Modelling of Oxygen Transport into Tissue 
Within the tissue, and across membranes, oxygen is transported by diffusion. 
Oxygen is dissolved in blood plasma. However, the oxygen transport capacity 
of blood would be insufficient if this was the only way to store oxygen in the blood. 
Blood contains red blood cells (RBCs), which contain hemoglobin. The hemoglobin 
in the RBCs can bind oxygen efficiently, and since the concentration of hemoglobin 
in the RBCs is extremely high, the oxygen transport capacity of blood increases 
accordingly. Hemoglobin is a protein that can bind up to four oxygen molecules. 
In some tissues diffusion is facilitated by another oxygen carrier, myoglobin. This 
protein has only one heme group and therefore can bind only one molecule of oxygen 
per molecule. The exact function of myoglobin (Mb) is not fully understood, but in 
some species it is used for oxygen storage, and in other cases it facilitates oxygen 
transport by diffusion of O-iMb. 
1.2.1 C o n v e c t i o n 
Convection and diffusion both play an important role in oxygen transport. However, 
modeling of convection within the capillaries is often incomplete. The contribution 
of axial convection, along the capillaries, is significant, but the radial components 
of the convection are small. Convection of blood, and blood plasma, is driven by 
a pressure difference. This pressure difference is generated and maintained by the 
heart. Close to the heart the flow is extremely pulsatile. In the capillaries the 
pulsatile character of the flow is diminished, but still measurable. Nevertheless, the 
flow in capillaries is mostly assumed to be non-pulsatile. 
Simple, but hard-to-solve, equations for convection can be derived from the mass 
balance and the momentum balance over an infinitely small fluid element. In order 
to solve these equations, several assumptions have to be made and consequently the 
solutions can only be solved for simple systems. For whole blood the solution of the 
equations is complicated, since it is a non-Newtonian fluid. In chapters 6, 7, and 8 
the convection of blood plasma in cylindrical units of the capillary is accounted for. 
The advantage of blood plasma over whole blood from a modeling point of view is 
that it can be considered to be Newtonian. 
Since the radial velocity components are small compared to the axial velocity, 
the radial velocity is often neglected, and a one-dimensional representation of the 
convection is used: flow in one direction. The characteristic time for flow is т
с
 = 
ч/vfwc, where α is a characteristic distance and VRBC is the velocity of the RBCs. 
1.2.2 Diffusion 
Diffusion of oxygen is driven by a gradient in partial pressure. The equations are 
derived from the mass, or flux, balance over a small element. The oxygen flux caused 
by diffusion is 
Jo, = - p V p , (1.1) 
where ρ is the oxygen permeability, V the gradient operator, and ρ the oxygen 
partial pressure. The permeability depends on the diffusion coefficient, D, according 
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to Henry's law: ρ = aD, where a is the oxygen solubility coefficient. While the 
velocity is a point-oriented vector, the flux is a vector through an area. Therefore 
the characteristic time of diffusion, TQ = a2/(2D), is related to the square of the 
characteristic distance. 
When diffusion is compared to convection, the characteristic times can be used 
to estimate the relative contributions of the two. When the characteristic times are 
equal for a certain distance, an increase in distance will be in favor of convection, 
and a decrease in favor of diffusion. The relation between the contribution to mass 
transfer by convection compared to that by diffusion is often indicated by the Péclet 
number Pe — αυ/D, where ν is the velocity. 
1.2.3 Oxygen consumption 
Now that we have introduced the types of transport that play a role in oxygen 
transport, the next thing to consider is oxygen utilization. The oxygen is consumed 
in the mitochondria, which can be randomly distributed, or located at specific places. 
In most tissues an even distribution can be assumed, also sometimes when the 
mitochondria are grouped at certain locations (Mainwood and Rakusan, 1982). The 
transport from the mitochondrial wall to the enzymes that utilize oxygen can be 
neglected (Clark and Clark, 1986) since the characteristic distances, and thus the 
characteristic times, are small compared to the characteristic distance of diffusion 
in the tissue. 
Also the oxygen consumption rate can generally be simplified to zero order 
oxygen consumption. In fact, the consumption kinetics are better described by 
Michaelis-Menten kinetics, but the Км constant, the concentration at which the re­
action rate is half the maximum rate (V
max
), is very small in mitochondria. Therefore 
most of the oxygen is consumed at V
max
. 
1.3 Modeling oxygen transport to tissue 
Models of oxygen transport to tissue help us to understand what factors play a 
role, and how these influence the oxygen transport. Such factors can be blood 
flow, hematocrit, arterial p 0 2 , or the free oxygen carrier concentration in the blood 
plasma. When one or more of these are changed, a model can be used to find out 
what will happen to the oxygen transport and the oxygen partial pressure (рОг) 
in the tissue. We can even go further and replace the blood by an artificial blood 
substitute. For this we need models that allow us to alter these parameters. 
1.3.1 Krogh-Kety 
The first model of oxygen transport in tissue was published by Krogh (1919). This 
model describes oxygen transport in a single cross section of a tissue cylinder from 
the border of the capillary to the rim of the cylinder. This model only includes the 
radial diffusion into the tissue. 
4 Modelling of Oxygen Transport into Tissue 
Kety (1957) extended it by incorporating the axial dimension. He used a pile 
of cylinder slices that where modeled by the Krogh model, while the p 0 2 at the 
capillary border follows the saturation of the hemoglobin. In that model, the sa­
turation drops linearly, since the oxygen consumption in all tissue slices is equal 
and constant for zero order oxygen consumption kinetics. This Krogh-Kety model 
is often referred to as the Krogh model. 
Although this is a significant improvement in modeling the oxygen transport 
into the tissue, it is still too simple. The tissue is not supplied with oxygen by 
a single capillary. Each capillary has its own properties like diameter, blood flow', 
and hematocrit. Furthermore it has its own environment, i.e. the capillaries are 
unevenly distributed and can be located in different types of tissue. Therefore the 
next step is to model a tissue volume by a large number of capillaries. This can 
be done, for example by stacking several tissue cylinders with different properties 
(Turek et ai, 1989). Models of large tissue volumes can be used to compute рСЬ 
distribution, which can be plotted in histograms. 
1.3.2 D i s t r i b u t i o n of oxygen 
The p 0 2 inside the tissue can fluctuate considerably. Steep p 0 2 gradients can be 
found within a few micrometers, especially close to the RBCs. However, measure­
ments of p 0 2 are often average values over a volume with dimensions of at least 
several tens of micrometers. Nevertheless, p 0 2 histograms contain valuable infor­
mation about the general state of the p 0 2 distribution. One is mostly interested in 
the number of regions with relatively low p 0 2 s , and these regions normally have flat 
p 0 2 gradients. These measurements of the p 0 2 distribution can be compared with 
the calculated p 0 2 distribution. 
1.4 Simplification of capillary processes 
Since the p 0 2 histograms do not reflect the steep gradients near the RBCs, models 
that are used to compute these p 0 2 histograms do not have to compute steep gra­
dients. This opens the possibility to apply simplifications to the processes inside 
and close to the capillaries that do not reflect these steep gradients. A possible 
assumption is that of a homogeneous distribution of the oxygen inside the capillary. 
However if we do so, we might introduce an offset to the average level of p 0 2 in the 
tissue. Therefore a correction might be necessary to account for this. A possible 
correction factor is the Extraction Pressure {EP), which is a virtual p 0 2 drop to be 
subtracted from the capillary p 0 2 (Bos et al, 1995; Hoofd et α/.1996; Bos et al, in 
press). The E Ρ is further explained in chapter 3. 
This assumption of a homogeneous oxygen distribution in the blood neglects the 
fact that oxygen is carried in packets, the RBCs. Furthermore, the contribution of 
convection to the oxygen transport in the capillaries is confined to the axial direction. 
Therefore the effect of the discrete nature of the RBCs, and the local convection on 
the tissue oxygenation, is investigated and quantified by the EP. Approximations 
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are derived for the EP, since the models needed for these investigations are too 
complex to be generally applicable to models of large tissue volumes. 
1.5 Conclusion 
Only a small part of the essential oxygen transport to tissue is considered. In this 
research the models that are referred to concern the oxygen transport from the 
capillaries into the tissue. The EP is used to account for simplifications of the 
capillary processes. This leads to approximations of the EP that can be used in 
models of large tissue volumes. 
This results in the following arrangement of chapters for this thesis: 
• Chapter 2: Introduction of general aspects and models of tissue oxygenation. 
• Chapter 3: Discussion of factors that can be important for the oxygen transport 
from capillaries into tissue. 
• Chapter 4: Primary investigations of the effect of heterogeneities in the ca-
pillary by means of a model where the RBCs are represented by point-like 
sources. 
• Chapter 5: The effect of RBC velocity on the EP when the RBCs are modeled 
by point-like sources. 
• Chapter 6: Primary investigations of the effect of local plasma convection on 
the oxygen flux through the capillary wall. 
• Chapter 7: A more sophisticated numerical investigation of the oxygen flux 
through the capillary wall. 
• Chapter 8: Numerical model to calculate the EP for comparison with other 
models. It fully includes the convection. 
• Chapter 9: The development of a fast approximation of the EP for use in 
other models. 
Chapter 2 
Approaches in modeling tissue oxygenation 
2.1 Introduction 
A large number of authors have developed models for oxygen transport to tissue. 
Each author has his own background, tools, and objective, which has resulted in 
different approaches of modeling. The first, and probably the best known model, is 
the Krogh model (Krogh, 1919). It is an excellent example of oversimplification of 
the system, but it is still valuable for estimating the penetration depth of oxygen 
into the. tissue starting from the capillary border. A useful overview of mathematical 
modeling of microcirculation was published by Fletcher (1978). The review of Popel 
(1989) is a general introduction to oxygen transport to tissue, whereas Leonard and 
J0rgensen (1974) address convection and diffusion in capillary beds. Secomb (1992) 
discussed transport mechanics in the capillary with respect to RBC mechanics and 
capillary blood rheology. Mathieu-Costello (1993) reviewed the literature on the 
size and geometry of the capillary network in various muscles. Kreuzer et al. (1991) 
discussed briefly several aspects of oxygen transport into the tissue. 
2.2 Some reasons for the different approaches 
2.2.1 Model system 
Oxygen transport to tissue is too complex to be modeled in detail. The models are 
different for oxygen transport from arterioles to the tissue and for oxygen transport 
from capillaries to tissue. Modeling of arterioles is much more complicated than that 
of capillaries, since inside the arterioles the RBCs can be distributed in almost any 
configuration while the velocities are much higher than in the capillaries. So, inside 
arterioles the complicated distributions of RBCs together with the various velocity 
components of RBCs and plasma must be accounted for. In the capillaries, at least 
in the small capillaries, the RBCs move in a single queue. Microvessels include 
arterioles. This might complicate models of oxygen transport from capillaries to 
tissue (Ellsworth et ai, 1994; Secomb and Hsu, 1994). 
Apart from the blood vessels, the tissue type plays a major role in the modeling 
process. In tumor tissue capillaries run in all directions. In skeletal muscle the 
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capillaries are almost parallel to one another. Apart from the orientation of the 
capillaries, other tissue parameters, such as distribution of mitochondria, consump­
tion kinetics, and permeability also play a role. In the case of skeletal muscle the 
presence of myoglobin is a complicating factor, albeit that it only plays a role at low 
рОг values. 
If the main concern is the oxygen transport in the tissue, one might choose to 
neglect the processes inside the blood vessels. This simplification has often been 
made, starting with the Krogh model. Such a simplification reduces the computati­
onal effort, but introduces an error when the model is used to calculate pOj values 
in the tissue. The computed average pC>2 will be affected by this assumption. 
2.2.2 Model geometry 
The correct geometry for the model should be the geometry of the system. However, 
the reality is often too complex to be modeled feasibly. As a result, simplification 
is necessary also with regard to the geometry. The Krogh model, a tissue cylinder 
with a centrally located capillary, is a good example. 
Multiple capillaries supply oxygen to the tissue. In skeletal muscle the capillaries 
are well ordered and run almost parallel to one another (Batra and Rakusan, 1992). 
Therefore, muscle tissue is an excellent system for development of mathematical mo­
dels. Tissues that have a random distribution of short capillaries need an approach 
different from the deterministic models as used for muscle tissue. It is suggested that 
for complex geometries a probabilistic scheme, the Monte Carlo method has better 
capabilities (Williford et ai, 1980), although Secomb et al. (1993) used a method 
where capillaries were divided into small units. 
When multi-capillary models are used for muscle tissue, a tissue cylinder becomes 
less appropriate. When cylinders are stacked, empty spaces are present between the 
cylinders. One can compensate for this by defining partly overlapping cylinders. An 
alternate solution is to drop the cylinder idea and go to a model that describes a 
multi-capillary tissue unit as a whole. This is of course more complicated than a 
stack of cylinders. 
2.2.3 Mathematical solution 
Having said that the model depends on the system and geometry, it will be clear 
that the mathematical solution of the problem also depends on these factors. The 
equations for a complex geometry are hard to solve analytically, and are commonly 
solved numerically. On the other hand, analytical solutions are less demanding in 
computation time than numerical approaches. Especially non-linear partial diffe­
rential equations cost a lot of computation time when solved numerically. It will be 
clear that even sophisticated models still rely on numerous assumptions. Kreuzer 
(1986) elaborated on the Krogh-Kety model and its assumptions. Although this is 
one of the most simplified models, a lot of assumptions as listed by Kreuzer are also 
used in other models. 
8 Modelling of Oxygen Transport into Tissue 
2.3 Some typical models of tissue oxygenation 
There is an impressive amount of publications on modeling of tissue oxygenation. 
Here we will discuss a few typical types of models, starting with the well-known 
Krogh-Kety model. Based on that model, extensions can be made to create a model 
for larger scale or a refinement on smaller scale. 
2.3.1 Krogh-Kety 
4 • 
L 
Figure 2.1: Layout of the classical Krogh-Kety model. The cylinder is defined by 
its capillary radius rc, tissue cylinder radius R, and capillary length L. 
The Krogh .model describes the steady-state oxygen transport from the capillary rim 
to the border of a tissue cylinder, within a cross-section of the cylinder. A typical 
layout of the Krogh-Kety model is shown in figure 2 1. Oxygen is transported in 
the radial direction by diffusion, while it is consumed in the tissue. Zero order rate 
oxygen consumption is assumed. The differential equation that describes the oxygen 
flux (Jo2) ¡ s : 
Jo2 = - p V p , (2.1) 
where V is the gradient operator, ρ is the permeability, also known as the Krogh 
diffusion coefficient, and ρ is the oxygen partial pressure. Application of the principle 
of mass balance to the flux as well as to oxygen consumption results in 
pV2p = M, (2.2) 
where V 2 is the Laplace operator, and M is the oxygen consumption per time per 
tissue volume. For a circularly symmetric coordinate (r), with 
v
_fd\ ,
 V2_l±L( ±\ _ JL ÌJL 
\dr J ' r d r \ dr ) дг2 г dr 
the рОг in the cross section can be described by 
P ( r ) = p < - ^ r { l n ( 9 " 
where p(r) is the рСЬ at location r, p
c
 is the рОг at the the capillary border, R is the 
tissue cylinder radius, and r
c
 the capillary radius. The equation can be seperated 
R? 
(2.4) 
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into a field term (the log term) and a source term (between the square brackets). 
Similar equations are found for the three-dimensional axially symmetric cylindrical 
solution for point-like sources. 
The dependence of the рОг on the axial direction is incorporated in p
c
. Starting 
from an arterial рОг, ρ
α
, the p02 drops following the saturation and the physically 
dissolved oxygen. This рОг change along the capillary is determined by the oxygen 
consumption according to 
{ ~S? = ~ F , (2.5) 
[ c0l = ар + Bs02<Hb 
where co2 is the total oxygen concentration, ζ is the axial coordinate, F the blood 
flow, α the oxygen solubility, В is the heme concentration, and sO^,Hb the oxygen 
saturation of hemoglobin. An example of a calculated рОг profile according to the 
Krogh-Kety model is shown in figure 2.2. 
Figure 2.2: Example of a calculation of рСЬ using the Krogh - Kety model. This 
plot shows the рОг for rat heart data. 
2.3.2 Multi-capillary 
A single capillary with surrounding tissue is an elementary unit for the oxygen 
transport to tissue. So, the next logical step is to expand the model to a multi-
capillary model. This was first done by combining several Krogh-Kety models into 
one overall model (Turek et ai, 1989). The disadvantage of this method is that a 
tissue volume cannot be defined by multiple finite cylinders. There will be either un­
covered spaces, or doubly modeled spots or both. Therefore, Hoofd (1995a; 1995b) 
developed a model which solves the pOî in a two-dimensional cross section along 
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the capillaries in which the oxygen originates from many sources (capillaries) simul­
taneously Of course, at most locations only one source will be predominant, but 
there are no blank spots or doubly covered spots anymore 
The advantage of multi-capillary models over single-capillary models, or models 
with only a few capillaries, is that apparently realistic p 0 2 histograms can be repro­
duced, provided that actual or representative distributions of capillaries are used, 
since the heterogeneity in capillary spacing is an important factor (Turek et al, 1991, 
Hoofd, 1995b) Baba et al (1995) reported that the capillary - tissue arrangement 
is optimal for tissue oxygenation in skeletal muscle 
A shortcoming of these multi-capillary models is that they oversimplify the pro­
cesses inside the capillary, similarly to the Krogh Kety model Incorporation of these 
intracapillary processes into the multi-capillary model would certainly improve these 
models 
2.4 Capillary included 
In the Krogh-Kety model and the multi capillary models a homogeneous distribution 
of the oxygen inside the capillary is assumed This is commonly achieved by the 
assumption of free hemoglobin in the blood at concentrations equal to the total 
hemoglobin ( oncentration in whole blood However, hemoglobin comes in packages, 
the RBCs, and around the RBCs there is blood plasma 
The oxygen transport of blood with RBCs is different from that of free hemo­
globin Inside the capillary the oxygen is located primarily in the RBCs Therefore, 
рОг peaks will occur close to the RBCs This has its repercussion on the pO¿ in the 
tissue, especially the tissue regions close to the capillaries (Federspiel, 1986, Groebe 
and Thews, 1989, Bos et αϊ, 1995, Hoofd et al, 1996, Bos et al, in press) 
Apart from this, several other parameters can also affect the oxygen transport 
Some factors that have been investigated are plasma layers, RBC velocity, local 
plasma convection, and RBC membrane resistance (Hsia et al, 1994, Tyml et al, 
1992, Hoofd et al, 1996, Tsai and Intaglietta, 1989, Bos et al, 1996a) Most of 
the research at this level has been focussed on changes in fluxes A few authors 
computed tissue рОг profiles with such models None of the models that described 
the capillary content in detail covered a sufficiënt amount of capillaries to compute 
pC*2 histograms 
2.5 Conclusion 
Tissue oxygenation is too complex to be modeled as a whole One can start by 
modeling it in parts These parts have then to be linked together A logical step 
would be to combine capillary models with multi-capillary tissue models by approxi 
mating the major effects in small scale models and using those approximations in 
the larger scale models This can be done by introducing a factor that accounts for 
the difference between a homogeneous distribution of oxygen in the capillaries and 
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whole blood. 
Chapter 3 
Factors to consider in modeling tissue oxygenation 
3.1 Introduction 
In models of oxygen transport into tissue a number of parameters appear in almost 
every model. These common parameters are directly related to the kinetics, binding 
and transport capacity, and the characteristic distances. Other parameters that 
appear in some models are commonly related to heterogeneities in the system. In 
this chapter some common parameters are discussed first, followed by more complex 
parameters. 
3.2 Common parameters 
The need for oxygen transport originates from oxygen consumption in the tissue. 
Oxygen is utilized in the mitochondria. Although the consumption kinetics depend 
on the oxygen availability, and can in fact be described very well by Michaelis-
Menten kinetics, the consumption is constant at most рОг levels. Only for very low 
рОг values does the oxygen consumption drop below V
max
 according to Michaelis-
Menton kinetics. Therefore, in most models a uniform oxygen consumption is assu­
med. 
The mitochondria are generally relatively evenly distributed, and therefore the 
consumption of oxygen can also considered to be uniform over the tissue. There 
are certain tissues , like muscle tissue, where the mitochondria are concentrated at 
certain locations in the tissue, but even then the assumption of uniform distribution 
of oxygen consumption commonly holds. Only when all the mitochondria are located 
adjacent to the capillaries will a major error be introduced by the assumption of 
uniform oxygen consumption (Mainwood and Rakusan, 1982). 
Inside the tissue, oxygen is transported by diffusion. The amount of oxygen that 
is available for the mitochondria not only depends on the diffusion coefficients, but 
also on the oxygen solubility. Indeed the product of these two parameters, known 
as the permeability, determines the oxygen transport. The distance that has been 
covered by diffusion in the tissue is often defined by the radius of the Krogh-tissue 
cylinder. In skeletal muscle oxygen is also transported by facilitated diffusion, since 
12 
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oxygen binds reversibly to myoglobin The reaction scheme is 
Mb+02^02Mb, (3 1) 
where Mb is the deoxymyoglobin, 0¿Mb is oxymyoglobin Accordingly, the relation 
between oxygen concentration and myoglobin saturation is 
s02,Mb = C——, (3 2) 
cso,Mb + с 
where s02 мь is the oxygen saturation of myoglobin, с is the oxygen concentration, 
and C50 мъ the concentration at which 50% of the myoglobin groups is bound to 
oxygen The presence of myoglobin is only important at low рОг since the oxygen 
saturation of myoglobin is fairly constant for pO¿s above two times the рьо,мь, which 
is the рОг at which 50% of the myoglobin is bound to oxygen Effects of myoglobin 
on tissue oxygenation are discussed by Kreuzer and Hoofd (1987) 
The amount of oxygen available for transport in the tissue depends on the oxy­
gen content of the capillaries Oxygen is primarily carried in the RBCs, which are 
packages of hemoglobin Every hemoglobin molecule has four heme groups, which 
can carry one oxygen molecule per heme group The four units bind oxygen coop­
eratively, such that the first oxygen molecule binds weakly, and is easily released, 
while the binding of the fourth molecule is relatively strong Therefore the oxygen 
saturation of hemoglobin as a function of the pC^ is a sigmoidal curve Again an 
important parameter is the p 5 0 нь, which is the рОг at which half of the hemoglo­
bin is saturated with oxygen There are several models for the binding of oxygen 
to hemoglobin, e g , the Hill model (Hill, 1910), the Adair model (1925), and the 
Paulmg model (1935) A comparison of several models is given by O'Riordan et al 
(1985) Although the Hill model is not the best description of oxygen binding to 
hemoglobin, it is often used in modeling tissue oxygenation, since it is generally the 
best usable approximation The reaction scheme he used is 
m + ηθ2 ^ (o2)nHb, (3 3) 
where Hb is the deoxyhemoglobin, 02 is oxygen, and (02)nHb is oxyhemoglobin with 
η molecules of oxygen This results in the following relation between the oxygen 
concentration and the oxygen saturation of hemoglobin 
c" 
•>О
г
,нъ = — -
(50 HI + С 
where ¡>0i нь is the oxygen saturation of hemoglobin, с is the oxygen concentration, 
C50 нь the concentration at which 50% of the heme groups is bound to oxygen, 
and η is the Hill coefficient This equation describes the relation between oxygen 
concentration and hemoglobin saturation fairly well at saturations above 10% 
The amount of hemoglobin that is present in the capillaries is proportional to the 
total volume of the RBCs in the capillaries, since the hemoglobin concentration in 
the RBCs is constant The hematocrit is defined by the total volume of the RBCs 
(3 4) 
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divided by the total blood volume. The amount of hemoglobin in the capillary 
is defined by the hemoglobin concentration in the RBCs, the hematocrit, and the 
volume of the capillary. The volume of the capillary is commonly defined by the 
capillary length and the capillary radius. The hematocrit is a rather crude measure, 
since it is an average and does not account for local changes in RBC spacing and 
volume. Several authors showed that the RBC spacing varies (Tyml and Budreau, 
1991; Ellis et al., 1990). The use of the hematocrit as a parameter instead of spacing 
is similar to assuming there is an equal spacing of the RBCs in the capillary and a 
constant RBC volume. 
If the RBCs were stationary, the oxyhemoglobin would soon be depleted and 
the transport of oxygen to the tissue would stop. Therefore, a constant stream 
of loaded RBCs is needed. This is achieved through blood flow. The blood flow 
is not constant, but inside the capillaries it is commonly assumed to be so, since 
fluctuations in blood flow are small compared to other parameters affecting the 
flow, like the increase of total flow for high work loads. The oxygen load of the 
incoming RBCs can be assumed to be determined by the рОг at the arterial side 
of the capillary. Measurements of capillary blood flow are normally derived from 
measurements of RBC velocities. The RBC velocity varies within a relatively wide 
range (Tyml et al, 1992; Fisher et al, 1992; Ellis et al, 1990; Klitzman et al, 
1983). None of these authors showed data for hard working muscle, which is the 
most interesting situation with regard to pOj distribution in muscle tissue. 
3.3 Heterogeneities 
In the previous section it was mentioned that heterogeneities can play a role in 
the oxygen transport process. Heterogeneities in oxygen supply arise in various 
ways (Ellis et al, 1994). The influence of heterogeneities on the oxygen transport 
often depends on the the scale of the model used. When the рОг is considered 
close to the capillaries, the heterogeneities of parameters such as RBC spacing is 
important, but the capillary distribution is not. At a larger scale, e.g., several tens 
of capillaries, fluctuations in RBC spacing become less important and the effect of 
capillary distribution on the p 0 2 is more evident. 
Effects of heterogeneities inside the capillary on the tissue oxygenation have been 
investigated by several authors (Heliums, 1977; Groebe and Thews, 1989; Tsai and 
Intaglietta, 1992; Hoofd, 1996; Wang and Popel, 1993). The major parameters are 
RBC spacing and RBC velocity. An increase in RBC spacing results in lower oxygen 
fluxes from capillary into the tissue, which is also true for a decrease in velocity. 
Popel showed that the shape of the RBCs also affects the oxygen transport, but 
this might be considered to be a velocity effect, since in their study the shape of the 
RBCs depends mainly on the RBC velocity. 
Regarding heterogeneities, other important parameters are the capillary distri­
bution and regions of characteristic blood circulation ('flow regions'). Both are im­
portant for multi-capillary models. Capillary distribution is considered in a mathe­
matical model by Hoofd (1995a). Its importance is also appreciated by several others 
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(Batra and Rakusan, 1991; Cicutti and Rakusan, 1992; Degens et al., 1992). These 
authors compiled valuable data on capillary distributions and flow characteristics. 
The characteristics for flow regions apply to an even larger scale. Sexton and 
Poole (1995) found flow region heterogeneities in costal diaphragm blood flow. The 
effect of regions with different flow characteristics was investigated in a mathematical 
model by Van Beek (1994). The characteristic size of the regions that resulted from 
this model was comparable to that observed by Ince (1993). 
3.4 Extraction Pressure 
In this thesis the Extraction Pressure (EP) plays an important role. It is a the-
oretical quantity that accounts for small scale heterogeneities. It can be used to 
incorporate the effects of these heterogeneities in models of significantly larger tis-
sue volumes. The basis for this lies in the fact, that the lowest p 0 2 values are found 
far away from the capillaries, and that the small scale fluctuations in p 0 2 have 
damped out at these locations. In the large scale models the capillary content is 
assumed to be homogeneous, whereas in the small scale models the capillary content 
is described in much more detail. The difference between the virtually homogeneous 
capillary p 0 2 and the average RBC p 0 2 is accounted for by the EP. The exact 
mathematical definitions in this thesis vary somewhat, since the average RBC p 0 2 
cannot always be calculated accurately. In figure 5.2 the EP is shown as the differ-
ence between the top of the p 0 2 profile along the capillary wall and the p 0 2 at the 
same location as computed using the Krogh model. Note that at the tissue cylinder 
border the p0 2 s of both methods are identical. The capillary wall is indicated by 
the dotted line. 
3.5 Conclusion 
Although the variability in oxygen transport properties of the tissue and capillaries 
is large, a considerable number of parameters can be simplified without influencing 
the outcome too much. In addition to the common parameters there are also hete-
rogeneities that can play a role in the oxygen transport. In this thesis the EP will 
be investigated, since it can be used to link the small scale models and the large 
scale models. 
Chapter 4 
Mathematical Model of Erythrocytes as 
Point-Like Sources 
C. Bos, L. Hoofd, and T. Oostendorp, Math. Biosc. 125, 165 - 189 
4.1 Introduction 
Modeling of oxygen transport to tissue is often based on the Krogh model (Krogh, 
1919). Although this model uses numerous assumptions, some of them being quite 
unrealistic (Kreuzer, 1982), it is still useful as a basis for comparison and investi­
gation of effects of parameter modifications (Hoofd, 1992). On the other hand, 
numerical non-steady-state approaches are time-consuming and therefore limited in 
their possibilities. As a result, there is a need for a fast (semi-) analytical solution. 
The physiologically most interesting aspect of the modeling of oxygen transfer to 
tissue is estimation of the number and size of regions where the oxygen concentra­
tion is low. Those regions will normally be at some distance from the capillaries. In 
this case a model is needed that is accurate at least at distant locations from the 
capillaries. 
For the Krogh approach a number of mathematical extensions was developed, 
as a result of which it has a much broader applicability (Fletcher, 1978; Hoofd, 
1992; Popel, 1979). The most important remaining problem is that of pericapillary 
gradients, which determine the oxygen level for further oxygen diffusion in and 
into the tissue. Some studies already showed that these gradients can be of major 
importance (Baxley and Heliums, 1983; Clark et al., 1985; Federspiel and Sarelius, 
1984; Groebe, 1990; Groebe and Thews, 1989; Heliums, 1977; Hoofd, 1992; Tsai and 
Intaglietta, 1992; Tsai and Intaglietta, 1989). Different approaches and methods on 
oxygen transport are reviewed in the literature (Popel, 1989). 
In this study, a model is presented to estimate the effect of pericapillary gra­
dients caused by the particulate nature of blood on the partial oxygen pressure 
(рОг) further into the tissue. The estimate, a simple factor, can be used to correct 
the assumption of a continuous distribution of oxygen in the capillary. This is in­
vestigated in detail in the layout of the Krogh cylinder. There exist previous studies 
on the effect of the particulate nature of blood on the tissue рОг (Baxley and Hel-
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lums, 1983; Clark et al., 1985; Federspiel and Popel, 1986; Federspiel and Sarelius, 
1984; Groebe, 1990; Groebe and Thews, 1989; Heliums, 1977; Wang and Popel, 
1993). However, since the present model aims at the рОг estimation at distant 
locations, additional assumptions can be made which speed up the calculation and 
eventually lead to direct formulas for estimating distant p 0 2 drop. This distant p 0 2 
drop is caused by plain oxygen diffusion in the tissue on the one hand and by the 
particulate nature of the blood on the other hand. The latter ρ 0 2 drop is called the 
extraction pressure (EP). 
A value of zero for the EP can be considered as the zero-order approximation. A 
first-order approximation is presented here, which determines the maximum effect 
of the particulate nature of blood, and therefore can be considered as a worst-case 
approximation. In order to derive a first-order approximation, the geometry of the 
erythrocytes is not considered, and the erythrocyte as an oxygen source is kept 
as simple as possible, point-like oxygen sources. This source must be located to 
mimic erythrocyte oxygen release. The location does not necessarily coincide with 
the center of the erythrocytes. The analytical solution for point-like sources is well 
know, e.g., from electromagnetism. 
The model presented here is based on the following phenomena: oxygen diffusion, 
binding of oxygen to myoglobin in the tissue, binding of oxygen to hemoglobin in 
the erythrocyte, a constant rate of oxygen consumption, quasi-steady state, and 
erythrocytes as point-like sources. It is used to simulate the oxygen transfer in rat 
heart muscle. Data used here are for rat heart muscle. Muscle tissue is modeled as 
a cylinder of homogeneous tissue, ignoring possible tissue heterogeneities (Degens 
et al., 1992). The capillary array of erythrocytes is treated as a series of sources 
each supplying an equally sized tissue volume Vj and the erythrocytes are equally 
spaced (constant distance Az). The system is defined in such a way that - as if a 
stroboscope was used - at every time instant t = to + iAt, exactly the same situation 
exists, where i is an integer number. 
Figure 4.1: Geometry used for the model. R denotes the tissue cylinder radius, L 
the length, V the total volume of erythrocyte, plasma and tissue supplied by one 
erythrocyte, r
c
 the capillary radius and Az the distance between the midpoint of 
two successive erythrocytes. 
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4.2 Mathematical representation 
4.2.1 Assumptions and basic equations 
As shown in figure 4 1, the tissue cylinder has radius R and length L The axis of 
the cylinder is the ζ axis which runs from —L/2 to L/2 The capillary is situated at 
the center of the cylinder and has radius r
c
 In order to use a stroboscopie approach, 
all erythrocytes have to be spaced equally, and hence they all support an equally 
large volume V In line with the chosen geometry, cylindrical coordinates are used 
such that f = (г, φ, ζ) The erythrocytes are at the locations f, = (0,0,2,) and z, is 
set to —L/2 + (г — | ) Δ ζ with Δ ζ = L/N, where Δ ζ is the distance between two 
successive erythrocytes, N is the number of erythrocytes, and г is the erythrocyte 
index (1 < г < Ν) 
In the present model the following major assumptions are 
1 The geometry of the tissue supplied by this capillary is a cylinder, 
2 The oxygen consumption is described by zero-order kinetics, 
3 All the erythrocytes are equally spaced and move with constant speed, 
4 The erythrocytes can be modeled as point-like sources, 
5 The boundary conditions for the erythrocytes are those of a sphere of the same 
volume, 
6 The oxygen transport properties of the capillary content outside the erythro­
cytes are identical to the oxygen transport properties of the tissue, 
7 A stroboscope approach can be used, where the system reaches the same state 
in an interval Δ ί in which the erythrocytes travel the distance Δ ζ between 
the erythrocytes 
Some of these assumptions are discussed in literature (Hoofd, 1992, Kreuzer, 
1982), but the assumptions (4) to (7) need some additional explanation 
The modeling of erythrocytes as point-like sources is unrealistic, but not the only 
unrealistic way of modeling Wang and Popel (1993) showed that the geometry of 
the erythrocytes can play an important role in the oxygen transport Therefore, also 
when erythrocytes are modeled as 'simple' cylinders or spheres, the mismatch of the 
calculated p 0 2 gradients and the m vivo рОг gradients can be considerable One 
of the possibilities to avoid this problem is to consider the рОг at a relatively large 
distance from the erythrocytes, since the influence of the geometry decreases with 
increasing distance At locations sufficient far from the erythrocyte no distinction 
can be made between a real erythrocyte and a point-like source 
The problem of modeling the erythrocytes as point-like sources is that no rea­
listic boundary conditions can be applied However, when an erythrocyte is modeled 
as a sphere, outside the sphere the oxygen transport is identical to that of a point-
like source Then, also as a first order approximation, a boundary condition can be 
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imposed equalling the erythrocytic рОг to that at the surface of the sphere. The 
sphere boundary condition is not related to the actual form of the erythrocyte. Ac­
tual erythrocyte form is uncertain in realistic capillaries and is modeled in different 
ways in the literature, often cylindrical but also ellipsoidal or 'parachute-like'. Since 
the spherical shape is a fictitious one the spheres do not have to fit in the capillary 
and the sphere radius rg is not equal to the capillary radius r
c
. 
Since we are interested only in the effect of separate sources instead of a homo­
geneous source the plasma is not taken into account and a model is used where the 
sources are surrounded by a medium with the same properties as the tissue. This 
will of course result in a different resistance to oxygen transport in the capillary 
region than when plasma would be incorporated in the model. Note that in the 
calculations the рОг in the capillary is so high that myoglobin does not play a role 
in the capillary and that the plasma volume is small compared to the tissue volume. 
The extraction pressure calculated with this model accounts only for the effect of 
discrete sources. A more sophisticated model will need an additional calculation of 
the differences in the oxygen transport between tissue and plasma. 
The stroboscope approach must be considered as a first-order approach. It will 
be a valid model in the limiting case of stagnant erythrocytes. Therefore for low 
erythrocyte velocities this approach is likely to result in good approximations. A 
more quantitative motivation for the use of the stroboscope approach is considered 
in appendix A. 
In tissue the oxygen transport is determined by the diffusion of oxygen and the 
diffusion of oxymyoglobin. The equations describing diffusion and consumption are 
given below for a static frame. The flux based on the diffusion of oxygen (Jo 2 ) is 
•4 = -pVp , (4.1) 
where ρ is oxygen partial pressure, ρ is the oxygen permeability constant, and V is 
the gradient operator. The flux of oxymyoglobin (Jo2Mb) is described by 
Jo2Mb = —-£>o2Mè>Vco2M6 ) (4.2) 
where Do2Mb is the oxymyoglobin diffusion constant, and со2ш is the concentration 
of oxymyoglobin. Now the total oxygen flux can be written as 
J = Jo-г + Jo2Mb • (4.3) 
Based on mass balance the following nonsteady-state equation can be derived: 
^ + V - J = - Q , (4.4) 
where Q is the oxygen consumption, co2 is the total amount of oxygen per volume, 
and t is the time. Since steady state is assumed, dco2/dt — 0, and if ρ is homoge­
neous, (4.3) and (4.4) can be combined to 
pvV = Q - (4.5) 
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where p* drives the diffusion If the diffusivity of myoglobin and oxymyoglobin are 
identical, the myoglobin facilitation can be modeled by (Hoofd, 1992) 
Ρ =P + PFSMb, sMb — · = , (4 6) 
cjwb + со2мь Pso.Mb + Ρ 
where «Мб is the myoglobin saturation, PF = Do,Mb(cMb+co2Wb)/p is the facilitation 
pressure, and p 5 0 мъ is the pC>2 at which the myoglobin is 50% saturated 
Within the erythrocytes, the binding of oxygen to hemoglobin is assumed to 
follow Hill's equation, which states for the saturation (s) 
(4 7) 
Pn+Pso,m 
where η is the Hill coefficient, and pso нь is the рОг at which the hemoglobin is 
50% saturated This equation adequately describes the oxygen binding curve for 
saturation values higher than about 10% 
4.2.2 Oxygen loss of erythrocytes 
In the stroboscope approach we need to consider the time Δ ί in which the erythro­
cytes travel a distance Az The oxygen loss of the erythrocytes and the intermediate 
plasma is equal to the total amount of oxygen consumed in a certain tissue volume 
Vr The actual location of this tissue volume is not relevant From figure 4 1, it 
might be inferred that Vj· is coincident with V — ΤΓ^ΑΖ, but that volume also recei­
ves oxygen from others sources while oxygen from adjacent sources diffuses to other 
cylinder slices The volume of Vj is numerically equal to V — irr^Az, but the shape 
and location aie not defined here Within the subsequent discretization steps the 
oxygen loss can be defined as 
ГЦ+! - щ = -AtQVT = -—QVT , (4 8) 
ν 
where nt is the oxygen contained in the plasma and the erythrocyte in and around 
erythrocyte г, and υ is the velocity of the erythrocytes The total amount of oxygen 
in erythrocyte г is 
CE,. - cHmst + αΕρΕ,, , (4 9) 
where сн
т
 is the oxygen binding capacity, which is equal to the heme concentration 
(four times hemoglobin concentration), s, is the oxygen saturation of hemoglobin in 
erythrocyte г, α# is the oxygen solubility inside the erythrocyte, and PE,, the рОг 
inside erythrocyte г The total amount of oxygen in both the erythrocyte and its 
surrounding plasma volume is 
n, = {cHmS, + aEpE,,)VE + appptVp , (4 10) 
where ap is the oxygen solubility in the plasma, Vp is the plasma volume assigned to 
the erythrocyte with volume VE, and pp, the mean рОг in the plasma We assume 
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that the difference ApE,p — ΡΕ,Ι — PPl« is a constant. This assumption is valid when 
а
р
р
рл р
 is small compared to 7i,+1 — n,. Note that арррл р itself is a small fraction 
of n,. Thus it can be derived that 
Δ ζ 
CHmVE{st+i - st) + (aEVE + ар р)(рЕл+1 - p£ ; l) = -QVT— . (4.11) 
V 
The sum of erythrocyte volume and plasma volume can be replaced by: 
тгг^Дг = VE + Vp (4.12) 
and the tissue volume V? can be substituted by: 
VT = V - (VE + Vp) = K(R2 - r2c)Az . (4.13) 
The blood flow F and the capillary hematocrit H are introduced by 
F = тг2
с
 (4.14) 
VE = H (VE + Vp) = Ηττ\Αζ . (4.15) 
With these substitutions, (4.11) can be transformed to: 
•KOÍR2 - r2)Az 
cHmH(s,+1 - a,) + {ap + (aE - а
р
)Н}(р
Е
,,+л - PE,,) = ^
 p
 c
' · (4.16) 
This can be interpreted as a discrete version of the formulas used by Klitzman et al. 
(1983). They developed a continuum treatment to obtain boundary conditions for 
the tissue oxygenation describing differential equations. Since s and pE are related, 
a-H ΡΕ,Ι can be determined when the рОг of the first erythrocyte is known. As a 
starting condition for pE,i the arteriolar p 0 2 , pa, is used. 
4.2.3 Spherical symmetric solution 
The cylindrical solution is derived from the spherical symmetric solution for one 
point source in a large homogeneous tissue unit. In a sphere, the spherical coordi­
nate system is used, defined as r = (ρ, θ, φ) with the origin at the point-like source. 
Because of spherical symmetry, only the distance ρ from the center has to be consi­
dered, and the angles 0 and φ can be omitted. This results in the following Laplace 
operator: 
„ 2 1 3 . J , У 2 9 .„ , „ . 
V
 = 79-^=8?+-P dp- ( 4 Л 7 ) 
When the general solution to (4.5) is integrated using this Laplace operator and 
with the condition of no flux at the rim of the spherical support volume of size 
V = Vr + VE + Vp, it can be derived that 
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Ρ*Μ=* + £ { ^ + £ > . MS) 
where pa is an integration constant. The term (Q/Ap)(V/irp) can be interpreted 
as the contribution of the source and (Q/4p)(2/o2/3) as the contribution of the 
surrounding consuming tissue. 
4.2.4 G e n e r a l i z e d solut ion 
The spherical solution can be extended to a general solution. To do so, the three 
parts of the (4.18) have to be qualified and transformed into a general representa­
tion. The generalized solution will be presented independent of the geometry, which 
implies that the equations will be in terms of the vector f. The three parts will be 
transformed as follows: 
• The contribution of surrounding tissue (Q/4p)(2p2/Z) depends on the geome­
try of the system and is specific for the spherical solution. The generalized 
form of 2p2/3 is denoted by Ф(г) and will be called the field term. This field 
term depends on the boundary conditions and will be specified later. 
• The source term V/(wp) can be written as Цж\г — fí|) where r¿ is the location 
of erythrocyte i. In a general system there will be ./V erythrocytes and the total 
contribution of the sources will be the sum of the particulate contributions. 
• Pg can be interpreted as a general level of рСЬ and will be accounted for in the 
field term. 
Now the generalized solution can be written as: 
Ρ* = £ { φ ^ + Σ - ΐ / - π } · (4-19) 
4p ¿=1*1^-^1 
4.2.5 Cyl indr ica l solut ion 
In the cylinder f = (г, φ, ζ) is used as coordinate system. Since the cylinder is 
axisymmetric, the solution is independent of the angle φ. Therefore the Laplace 
operator is 
„. 1 д , д . о2 д2 1 д д2 
г or дг dz2 от2 г от ozi 
The field term of (4.19) can be written as Ф(г, ζ). Ф(г, ζ) is a solution of the equation 
2
Ф = 4, according to (4.5). In combination with (4.20) this leads to 
д
2
Ф 10Φ д2Ф
 t , , 0 1 . 
1ГТ + - 1 Г + 7Г7 = 4 · 4 · 2 1 
or
2
 r Or ozi 
An approximation of a general solution to (4.21) is 
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-R4n{\L-z + y/ri + ftL-z)*} + Σ^=, ВД(г, ζ)' ( " ' 
where г2 is the particulate solution independent of z, the ln( ) terms are a correction 
for the decrease in the source term at the borders iL/2, the C'
n
 a series of coefficients 
to be determined from the boundary conditions - see next section -, M is the number 
of C'
n
 constants, and: 
*(Γ,,) = Σ^«"-ν·; *,= (¿gpí · ( 4 · 2 3 ) 
In our simulations we found that the number of C'n constants could be limited to 
five to obtain a satisfactory approximation. 
Transformation of the generalized solution in (4.19) to cylindrical coordinates 
leads to 
f = ¿ { Φ ( Γ , * )
 + Σ
 V
 }• (4.24) 
* P 1=1 я у г 2 + (ζ — ζ,)2 
4.2.6 Fitt ing of harmonic function 
The calculated pCbs at the locations of the erythrocytes have to match the рСЬ 
ot the erythrocytes. Since the erythrocytes are not real point-like sources and do 
have volume, they are treated as spheres and the following interpretation of the 
erythrocyte рОг is used: 
1 [* 
PE,, = -^ J_ αφρ{Γ
Ε
,φ,ζ%) , (4.25) 
where rg is the radius of a sphere with the same volume as a erythrocyte. This 
means that the average pressure at г = (ΓΕ,Ψ,Ζ,) around the г1 h erythrocyte will 
be used as average erythrocyte rim pressure. Consequently, the same holds for p*E,. 
Hence, when (4.24) is used, the oxygen driving force for erythrocyte г will be 
Ph=P*(rB,z,) = g - W r f i , z , ) + f ; V } . (4.26) 
Since ρε,, can be calculated with (4.16), the M constants C'
n
 in (4.22) can be fitted 
using least squares approximation. It turned out that M = 5 yields sufficiently 
accurate approximations. 
4.3 Extraction Pressure 
When blood is modeled as a homogeneous fluid with an averaged heme concen­
tration value, a pressure drop is used to account for the difference in behaviour of 
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homogeneous and heterogeneous blood. This pressure drop is called the extraction 
pressure (Hoofd, 1992; Hoofd et ai, 1990) or capillary barrier (Hoofd et al, 1989; 
Turek et al, 1989). For reasons stated by Hoofd (1992) the term extraction pressure 
is used here. The extraction pressure (EP) is mathematically defined by 
EP = pTcM - pTcM , (4.27) 
where pTc,he is the p 0 2 at the capillary border at ζ — z¡ for heterogeneous blood 
and pTc,ho the pO-¿ at the capillary border for homogeneous blood resulting in the 
same рСЬ at distant locations. K'rogh published a formula for the calculation of the 
pressure drop from the capillary border into the tissue cylinder (Krogh, 1919). It was 
developed for tissue without myoglobin, but it can be applied directly for diffusion 
with facilitation (Hoofd, 1992). With use of (4.6) the pTc,ho can be calculated by 
setting the рОг at the cylinder rim for homogeneous blood equal to that calculated 
for heterogeneous blood: 
PrcM = PRM + ΔΡλ° ' ( 4 · 2 8 ) 
where 
ΔΑ = £ { - # + Γ2 + 2#1η(£)}, (4.29) 
where Δρ£0 is the difference in p* at the capillary border and the tissue border for 
the homogeneous case. 
4.4 Results and discussion 
The major parameter concerning the particulate nature of blood is the hematocrit 
value. To investigate the effect of changes in hematocrit, the total oxygen supply 
has to be the same in all situations. Therefore the effects of different hematocrit 
values are considered at a constant product of blood flow and hematocrit. A similar 
investigation was done by Tsai and Intaglietta (1989) using a numerical method. 
They developed a model with cylindrical erythrocytes and assumed steady-state 
kinetics for time intervals Δ ί in which the erythrocytes travel a distance equal to 
their length. 
The parameter values used in the simulations are listed in table 4.1. At high 
hematocrit values, the effect of pericapillary gradients as caused by the particulate 
nature will be lower than at low hematocrit values. This is obvious when the theo­
retical hematocrit value of 100% is used. In that case the capillary will be stuffed 
with erythrocytes in such a way that it becomes a homogeneous cylinder with eryth­
rocyte contents. The physiological interesting range of hematocrit is 20-50% (Tsai 
and Intaglietta, 1989), therefore hematocrit values of 50, 30 and 20% are used. The 
simulations are visualized in graphs of the pOj against r and z. The formulas that 
were derived are only valid outside the erythrocytes. 
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Table 4.1: P a r a m e t e r values for various s imulat ions 
Dimensional data 
L [μτη\ R [/mum] r
c
 [/mum] Vg [/mum3] 
5Ö01 ÏÖ* ~2Λ' 66 
Tissue data 
p[m.ol.m~1kPa~1s~1] Q [mol.m~3s~1] py [kPa] pso.MJ [kPa] 
2.6410-"« 0.665' L8T Ό.7Γ 
Blood data 
ац[то1.т"3кРа~х] cHm [mol.m~3] p50 [к Pa] " [ - ] ap[mol.m~skPa~1] 
1.1710-2* 
R[ßm] 
Q [mol.m~3s~l] 
Pa [kPa] 
Ffrn3*-1] 
я Η 
Δ ζ [μτή] 
21.4' 
2a 
10 
0.665 
13.3 
2.4 IO" 1 
0.50 
7.25 
4.93* 
Varying d a t a 
2b 
10 
0.665 
13.3 
4
 3.9 10" 1 4 
0.30 
12.2 
2.7' 
Figure 
2c 
10 
0.665 
13.3 
5.8 I O " 1 4 
0.20 
17.9 
1.06 ю - 2 ' 
3 
20 
0.159 
13.3 
5.8 I O " 1 4 
0.20 
17.9 
* D a t a from Turek et al. (1991) 
t Data from Hoofd et al. (1989) 
t D a t a from Clark et al. (1985) 
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Figure 4.2: Simulations for hematocrit values of 50% (a), 30% (b) and 20% (c). 
Parameter values are listed in table 1. Close-up are shown to get an impression of 
the pCvgradients at normalized ζ and г axis. 
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Figure 4.2 shows simulations for three different hematocrit values. From this 
figure it can be seen that the oscillation in the p 0 2 gradient near the capillary fades 
out towards the tissue cylinder border and that the amplitude of the oscillations 
increases with decreasing hematocrit values. This is in accordance with expectation. 
For a hematocrit of 50% the amplitude decreases from 1.2 kPa at the capillary border 
to 0.01 kPa at the tissue cylinder rim, and for 20% the amplitude is reduced from 4.9 
kPa to 0.2 kPa. In figure 4.2c the pOa gradient is shown for a hematocrit value of 
20%. In this case, the oscillations are still visible at the tissue border, although they 
are much lower than at the capillary border. To investigate the disappearance of 
the oscillations at this hematocrit value, also a simulation has been done for a larger 
tissue cylinder radius. In order to compare both simulations at 20% hematocrit, 
an identical total oxygen consumption has been used in both tissue cylinders. This 
is obtained by setting the product of tissue volume and the oxygen consumption 
to a constant value. As can be seen in figure 4.3, the amplitude has diminished 
considerably more, namely, from 1.6 at the capillary rim to 0.01 at the cylinder rim. 
Figure 4.3: Simulations for a hematocrit value of 20% with doubled tissue cylinder 
radius. 
In some literature, a much lower arteriolar рОг is used, which contributes to 
a lower рОг in the tissue (Groebe, 1990). This will not have any effect on the 
amplitude on itself, as the oscillations are induced by the sum term of (4.24). When 
the tissue ρ 0 2 drops to pso.Mi» the oscillations are also damped by the facilitation, 
since the oscillations are introduced in ρ*, and it can be derived from (4.6) that 
the amplitude will at least be half of the amplitude without facilitation. When 
the arterial рОг is taken to be 8 kPa (60 mmHg) (not shown here) the levelling 
effect of the facilitation is not visible, since hardly any decrease in amplitude can 
be seen compared to the normal p 0 2 gradient along the tissue cylinder border at a 
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hematocrit value of 20%. At the end of the capillary and at the cylinder rim, the 
amplitude is 0.11 кРа in this case compared to 0.15 кРа in figure 4.2c. 
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Figure 4.4: Extraction pressure (EP) along the cylinder for simulations with diffe-
rent hematocrit values. 
In the hematocrit range chosen for the simulations, the oscillations have been 
reduced sufficiently to use the рОг at the cylinder border for calculation of the 
extraction pressure for homogeneous blood. As shown in figure 4.4, the extraction 
pressure for the different hematocrit values ranges from 0.5 кРа to 2.6 кРа and is 
only slightly lower towards the venous end than at the arterial side. It should be 
noted that the extraction pressure found with the aid of the presented model results 
from the particulate nature only and is independent of the difference in oxygen 
transport in the capillary and the tissue. 
The Ε Ρ is meant to correct the assumption of homogeneous blood; however, one 
has to be careful in applying this assumption to blood with low hematocrit values. 
Federspiel and Sarelius (1984) found that blood is homogeneous with respect to 
oxygen supply at hematocrit values as low as 20% at low oxygen consumption, i.e. 
resting muscle. In working muscle the blood was found to be homogeneous only for 
hematocrit values of about 50%. Additionally, Groebe and Thews (1989) concluded 
for maximally working skeletal muscle 'that non-uniformity of the oxygen flux out of 
the capillaries due to large inter-erythrocytic plasma gaps does not play an important 
role for tissue oxygen supply as long as average red blood cell spacing is sufficiently 
small to guarantee an appropriate overall capillary oxygen flux'. Heliums (1977) 
investigated the effect of the discrete cell treatment compared to the continuum 
treatment by means of a change in resistance. He found an increased resistance for 
the discrete cell treatment. Federspiel and Popel (1986) developed a model for the 
oxygen transport in the capillaries where blood was treated as a two phase medium 
and they showed that the capillary mass transfer coefficient depends on the spacing 
and the clearance (R/r
e
) of the particles in the capillary. They found an increased 
resistance for increased spacing, which is expressed in this study as an increased 
EP. The clearance does not play a role in the present study since the plasma is not 
Het-20« 
Het - з о « 
Het-50% 
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incorporated in the model. 
Tsai and Intaglietta (1992) found that at a hematocrit value of 20% an empiri­
cally based distribution of sources yields the same levels of oxygenation as an even 
spacing. Therefore, the combination of EP values and the assumption of homogene­
ous blood is probably valid for hematocrit values as low as 20%. Lower hematocrit 
values can cause an unevenly spaced system to behave differently at erythrocyte 
trails and at the gaps within the erythrocyte trails, resulting in different EP values 
depending on the local erythrocyte spacing. 
4.5 Conclusions 
In the literature different models have been presented that describe parts of the oxy­
gen transport to muscle tissue. All those models have their own objectives and most 
of them can roughly be divided into two major groups: one describing the oxygen 
transport in and close to at most a few capillaries and thus taking into account the 
particulate nature of blood, and one describing full tissue oxygenation — many ca­
pillaries — with the assumption of homogeneous blood. The model presented here 
extends the latter class of models to heterogeneous blood by estimating the EP. 
This model is used as a basis for the calculation of the EP results in similar рСЬ 
gradients as those obtained by Tsai and Intaglietta (1989). 
It is shown here that the modeling of erythrocytes as point-like sources can be 
used to estimate the EP. At physiologically valid ranges of parameter choices, a 
рОг gradient at the tissue cylinder rim in the ζ direction is found comparable to 
the gradient for Krogh-like solutions. The oscillations in the рСЬ gradient generated 
by the erythrocytes have an amplitude that depends strongly on the hematocrit 
value and tissue radius, and, to a lesser extent, also on the facilitation of oxygen 
transport by myoglobin. The effect of the first two parameters can be explained 
by their relation to the support volume, since the oscillating part of the equations 
depends on this volume. The decrease in amplitude caused by the facilitation can 
be explained by the levelling effect of the facilitation on p 0 2 at low p 0 2 values. 
The EP not only depends on capillary parameters such as the hematocrit and the 
capillary radius, but also on tissue parameters such as the tissue volume supplied 
by one erythrocyte, the permeability, and the oxygen consumption rate. For a 
given set of parameters, the EP is almost constant throughout the tissue cylinder 
length, hence it can easily be used as a constant in calculations involving the Krogh 
equations. In this way the estimations for the oxygenation level of different tissue 
regions can be enhanced. At low hematocrit values, however, one has to be careful 
when treating blood as a homogeneous medium. 
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Appendix A. Validation of stroboscope approach 
The use of a stroboscope approach is based on the assumption of quasi-steady state. 
This assumption applied to (4.4) results in the assumption dc-ipjàt = 0. This is 
normally only true for τρ < τ „ where тд is the characteristic time for diffusion and 
τ
ν
 is the characteristic time for the velocity of the erythrocytes. These are defined 
as 
a
2
 a . . 
TD = -=¡;TV=-, 4.30 D ν 
where α is a characteristic distance, to be found from the distances of the system. 
There are two distances involved, the erythrocyte spacing Δ ζ and the blood/tissue 
interface at г = r
c
 so that a presumably is a combination of these two. 
Figure 4.5: Contribution of the different terms of equation to the рОг gradient, with 
only the Ф(г, ζ) term (a) and with only the sum term (b). 
Both blood and tissue separately are stationary systems; the time-dependent 
phenomena originate from the interface. When an erythrocyte passes by, local tis­
sue boundary conditions are different from when a plasma gap passes by. Single 
erythrocytes can be discerned only for Δ ζ > 0, or better when the individual sour­
ces are distinct. That implies, that the analysis can be focused on that part of (4.24) 
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that is ascribed to the sources: 
N 
Σ 
.=i y ^ 2 + (* - ζ.) 2 
(4.31) 
In figure 4.5 it is shown that without the sum term no oscillations can be found and 
that the contribution of the sum term is only the oscillations. Equation (4.31) can be 
considered as resulting from a stroboscope flash at time t = 0 and the corresponding 
non-steady extension around that moment is found replacing ζ by ζ — vt. 'Around 
that moment' can be specified as — -At < t < | Δ ί , where Δ ζ = vAt. We have to 
consider the time-dependent non-steady extension at г = r
c
 which we will denote 
by Σ having dimension length - 1 : 
N 1 
,=i yjr\ + {z-vt- z,)2 
(4.32) 
Verification of the assumption дст,о2/ді = 0 now comes down to showing that 
ΘΣ/dt is small; i.e. (much) smaller than the other terms in the differential equation, 
notably 
3Σ 
dt 
D 
d 2 E 
dz2" 
When worked out, this results in: 
v(z — vt — zt) N 
Σ {rj + (z-vt-zty}2 
N 
¿>Σ 
2v(z — vt — z t) — r 2 
\{rl + {z-vt-z,Y)î 
(4.33) 
(4.34) 
where an appropriate value of ζ — vt has to be chosen at either side of the inequality. 
In terms of characteristic times, the left side can be interpreted as (α'τ
ν
)~ι and the 
right side as ( а ' т д ) - 1 , where a' is a representational distance, and (4.33), (4.34) 
come down to the inequality TQ <C T„. We will choose the distance a' equal to r
e
. 
Equation (4.34) should be worked out in the middle part of a large array which can 
be done by extending the summation to i : —oo —> +oo and choosing a value of 
ζ — vt between — \Δζ and + | Δ ζ so that we can take ζ, = ιΑζ. 
Because of its symmetry, the evaluation of the right-hand term of 4.34 at zvt = 0 
to determine гд is straightforward: 
— = Dr
c 
г? - 2 ί 2 Δ ζ 2 
{Γ 2 + ¿ 2 Δ ζ ψ / 2 Γ 
D
 / Λ / Ν 
= ^gD(Az/r
c
) , (4.35) 
where the function go is defined to represent the summation in terms of the dimen-
sionless fraction Az/r
c
. The left-side term of (4.34) is antisymmetric so yield zero 
at zvt = 0; or, better, at ζ — vt — \hAz for any integer value of k. Therefore, it 
seems reasonable to choose a value in between, ζ 
τ„: 
vt = τ Δ ζ for the evaluation of 
4 
— = vAzr
c 
T
v 
tnfty 
Σ 
г' + 
{rj + (г + ± ) 2 Δ ζ 2 } 3 / 2 г
с 
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with a similar definition of gv. These characteristic times can be worked out for the 
cases here, where only a limited number of terms around г = 0 has to be evaluated 
because the above formulas are estimates and the sum terms decrease as i~3 and 
i"2 respectively. The relevant fraction that has to be small is 
vr
c
 g
v
{Az/r
c
) 
TD τ
ν
 - — . (4.37) 
D gD(Az/rc) 
Obviously, this quantity linearly depends on υ so that the stroboscope method will 
be valid at least in the limit «-»О. For the influence of Az and r
c
, the quotient g
v
/gD 
has to be considered which depends on the quotient of these two. Two regimes are 
important: small and large Az/r
c
. For Az —> 0, the sources come so close that they 
can no longer be discerned individually and the capillary blood looks homogeneous. 
Accordingly, in figure 4.4 EP is found to approach zero. From the same figure the 
other regime, large Az, is seen to be more interesting. It is easily derived that 
gD —» 1, gv —• 0 in the limit for Az/rc —+ oo, or, better for gv: 
n ( X ) _ 16 ^ (-1)* „ 14.7 
so that the stroboscope method also will be valid for large Az: 
Az2 > 14.7-^r? . (4.39) 
For the data used here this implies Az2 ^$> (8.3μτη)2. The cases considered here 
mostly do not fall within these low- and high-Az restraints, but is seems more 
important that the stroboscope approach is expected to be valid for both small and 
large Az and consequently might be considered a valuable first-order approximation 
also for the remaining range of Az values. Anyhow, it is expected to be a good 
approximation for low velocities v. 
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Appendix B. List of Symbols 
Symbol Descript ion 
C'
n
 c o n s t a n t s m t h e field t e r m Φ 
CE,% t o t a l a m o u n t of oxygen in e r y t h r o c y t e г 
c-Hrn heme concentration 
смь concentration of deoxymyoglobin 
co2 total amount of oxygen per volume 
с<э2мь concentration of oxymyoglobin 
Do2Mb diffusivity of oxymyoglobin 
EP extraction pressure 
F b lood flow 
F
n
 parameter in the field term Φ 
Η capillary hematocrit 
г source number 
J flux of oxygen and oxymyoglobin 
Jo2 oxygen flux based on diffusion 
Jo2Mb flux of oxymyoglobin 
L length of capil lary 
M n u m b e r of C'
n
 c o n s t a n t s used 
N n u m b e r of sources 
η Hill coefficient 
n, oxygen contained in plasma and erythrocyte at source ι 
ρ oxygen partial pressure 
p* oxygen diffusion driving quantity 
PÔ integration constant 
PR he oxygen driving force a t t issue cylinder wall for heterogeneous case 
p*c ko oxygen driving force a t capil lary wall for homogeneous blood 
Pso,Hb p O j a t which hemoglobin is 50% sa tu ra ted 
Pso.Mb рСЬ at which myoglobin is 50% s a t u r a t e d 
Pa рОг at the arterial side of the capillary 
РтсМ рОг
 a t capil lary wall a t ζ = ζ, for heterogeneous blood 
PTCM P ^ 2 a t capil lary wall at ζ = ζ, for homogeneous blood 
PB,t рОг inside e r y t h r o c y t e г 
p¡, facilitation pressure 
pPi, mean рОг in p l a s m a a t e r y t h r o c y t e г 
pC>2 oxygen par t ia l pressure 
Ap*ho difference in p* a t capil lary a n d t issue cylinder r i m for homogeneous blood 
ApE ρ difference between erythrocyte and plasma рОг 
Q oxygen consumption 
R radius of tissue cylinder 
r cylindrical or spherical coordinate 
r
c
 radius of capillary 
TE radius of fictitious spherical erythrocyte 
f, location of the Ith source 
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s hemoglobin saturation 
6, hemoglobin saturation in erythrocyte г 
SMb myoglobin saturation 
t time 
At time needed for a source to travel the distance Δ ζ 
V cylinder volume / number of erythrocytes 
υ velocity of sources 
VE erythrocyte volume 
Vp plasma volume in V 
VT tissue volume of tissue supplied by one erythrocyte 
г axial coordinate 
z, axial coordinate of the ith source 
Δ ζ distance between two successive sources 
CÍE oxygen solubility in erythrocyte 
ap oxygen solubility in plasma 
7 parameter in Fn 
Φ field term 
ρ distance from center in spherical coordinate system 
V gradient operator 
V 2 Laplace operator 
ρ permeability 
Chapter 5 
The Effect of Capillary Blood Flow on the 
Oxygen Release into Rat Heart Tissue 
Model Calculations with Point-like Sources Representing the Erythrocy­
tes 
С Bos, L. Hoofd, and T. Oostendorp, Adv. Exp. Med. Biol, Vol 288, 177-183. 
5.1 Introduction 
Modeling of oxygen transport into tissue can be considered in two steps. The first 
step comprises the release from the oxygen carriers, the erythrocytes, in the strea­
ming blood up to the capillary wall. The second step models the diffusional transport 
in the - stagnant - tissue, including the capillary wall. Many literature models only 
involve the second step. The first model by Krogh (1919) used the simplified geome­
try of a tissue cylinder around a centrally located capillary. Since, several extensions 
have been made to this model establishing the basis of calculation of p 0 2 in muscle 
tissue (Hoofd, 1992). 
While modeling of oxygen diffusion in the tissue is quite straightforward, the ca­
pillary release poses considerable problems. We developed analytical methods (Bos 
et al, 1995; Hoofd, 1992) allowing an estimation of its effect on tissue p 0 2 in various 
circumstances. To this end, p 0 2 was calculated using two models only different in 
one respect, using homogeneous blood and separate erythrocytes respectively. In 
these two models, the boundary conditions were chosen such that tissue p 0 2 s at 
locations distant from the capillary became identical. The resulting difference in 
initial boundary condition, homogeneous blood p 0 2 or erythrocyte p 0 2 , was de­
fined as Extraction Pressure (EP). Consequently, EP quantifies the effect of the 
particulate nature of blood on tissue p 0 2 . This model is also valid when the tissue 
contains myoglobin, but the resulting difference in tissue p 0 2 may be smaller. The 
p 0 2 drop can be quantified using the concept of the facilitation pressure (Hoofd, 
1992). 
The two former models (Bos et al, 1995; Hoofd, 1992) were combined and exten­
ded to account for erythrocyte movement in the capillary (Hoofd et al, 1996). The 
present model only handles evenly spaced erythrocytes all moving with the same 
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speed. Again, results can be presented in terms of extraction pressures, where it is 
most interesting now to look at the differences with the former models. 
' ' \ ' ' \ ' \ ' \ ' \ ' ' \ ' ' \ velocity 
°' V 
Figure 5.1: Cylindrical coordinate system f = (r,z) with capillary of radius r
r 
containing point-like oxygen sources (black dots) with equidistant spacing Δζ all 
moving along the z-axis with constant velocity v. In a surrounding tissue cylinder 
of radius R, each source distributes its oxygen into an equal amount of tissue, of 
volume V. 
5.2 Theory 
5.2.1 Assumptions and basic equations 
Diffusional transport of oxygen is considered in a cylindrical layout, with coordinates 
(r, φ, z). The angle coordinate φ will be dropped because we assume cylindrical sym­
metry, so r = (г, г). Along the z-axis, point-like oxygen sources are located at even 
distances Δ ζ moving with velocity ν along the axis (figure 5.1). The point sources 
represent erythrocytes moving in a capillary of radius r
c
. Tissue oxygenation will 
be considered in a concentric tissue cylinder of radius R so that each source supplies 
a tissue volume V = itR2 Δζ. In the figure, such volumes are shown separated by 
circular cross-sections with the point sources as black dots in their centers. The 
origin of the z-axis is chosen at one of these source locations so that the ith source 
is located at r, = (0,z,), where ζ, = ιΑζ. 
The oxygen transport equations in the tissue are for combined diffusion and mass 
balance: 
| _ p V 2 P = - Q , (5.1) 
where с is oxygen concentration, ρ is oxygen permeability of the tissue (product of 
oxygen diffusion coefficient D and oxygen solubility α), ρ is oxygen partial pressure, 
and Q is oxygen consumption per tissue volume. The concentration is proportional 
to pressure according to Henry's law, с = αρ. In former treatments (Bos et ai, 1995; 
Hoofd, 1992), these equations were extended to account for myoglobin (Mb) in the 
tissue. Here, in a time-dependent system, Mb poses problems in particular because 
the reaction with oxygen is not infinitely fast and consequently interferes with time-
dependent diffusion. This cannot easily be modeled. Close to the capillary-tissue 
interface, рОг mostly is high enough to keep Mb fully saturated, avoiding significant 
chemical reaction with oxygen. Therefore, we will neglect the myoglobin in the 
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treatment here for the calculation of EP Further on in the tissue, outside this 
capillary-tissue boundary region, time-dependent phenomena quickly damp out and 
the influence of Mb might be incorporated again through EP as done before (Bos 
et al, 1995) 
5.2.2 Solut ions 
In a previous paper (Bos et al, 1995) we used a 'stroboscope technique' to construct 
an analytit al solution for oxygen diffusion into the tissue With this technique, the 
erythrocytes were considered only at specific time intervals when each erythrocyte 
had moved to the exact position where its predecessor was in the former instance 
Leaving out the myoglobin, the solution for tissue oxygen pressure ρ was described 
by 
ρ = p(r, z) = 9- ( ф ( г ) + Σ - р ^ г Л , (5 2) 
where Φ (f) was a function called the 'field term', of dimensión г2, and the sources 
were counted from 1 to N in a cylinder of limited length The field term Ф(г) was 
a smooth function, dependent on tissue geometry but not on the individual sources 
whose contribution was accounted for in each of the sum terms In the geometry 
here, the sources extend in both directions and their number will be extended to 
infinite so that after each time step Az/v exactly the same situation occurs as before 
This allows a treatment in terms of Fourier analysis (Hoofd, 1992) Rewritten in 
this form, equation (5 2) becomes (Hoofd et al, 1996) 
p{r, ζ) = ± {ф 5(г, ζ) + R2fs(r, ζ) - R2 ln( r 2 /r 2 ) } , (5 3) 9. 
where subscript 5" indicates 'stroboscope solution' and 
oo 
fs(r, z) = 4 Σ Ко(пшг) cos(mjz) , (5 4) 
η=1 
where ω — 2π/Αζ The summation in terms of the modified Bessel function Ko{ ) is 
finite because this A"0( ) quickly approaches zero when its argument grows large The 
'stroboscopie' Fourier-solution can be extended to a time-dependent one conforming 
the primary equation (5 1) 
p(r,z,t) = ^ {Фт(г,ζ) + R*fT(r,z,t) - R2 ln( r 2 /r 2 ) } , (5 5) 
where now subscript Τ indicates Чіте-dependent solution' and 
oo 
fT(r, z, t) = 4 ^ Ше < Κ0(ξηΓ) expHna>[z - vt}) > , (5 6) 
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where 3îe < > means the real part of the respective complex equation, involving 
ι = y/ — 1, and the £
n
 can be expressed in terms of a characteristic inverse length 
λ = v/D: 
ξ
η
 = \\-пш{у/п*шг + λ2 + ш } + iJ-пи{у/п2и>* + А2 - πω) (5.7) 
Figure 5.2: The extraction pressure by example of the condition of v/D = 0. Both 
the p 0 2 profiles for the moving sources (thick lines) and the Krogh-formula (thin 
lines) are shown. The difference between the boundary condition at the top of 
moving sources profile and the Krogh profile is the extraction pressure. 
5.2.3 Extraction Pressure 
According to its definition, EP is obtained from comparison with a solution for 
homogenous blood. The situation is depicted in figure 5.2. The thick grid is the 
pC>2 field around one of the sources and calculated according to the solution derived 
above, for a boundary condition with an erythrocyte pOî as indicated by the black 
dot. The thin grid is a solution for homogeneous blood leading to the same (average) 
рОг value at the outer edge of the cylinder. Note, that it starts at a lower capillary 
level than the erythrocyte рСЬ. The difference in level is EP. For a cylinder, the 
homogeneous solution is the well-known Krogh equation (Krogh, 1919), here written 
as: 
Q p
m
(r, z) = p
c
(z) + ^ {г2 - ri - Я 2 ln(r JA· 2)} , (5.8) 
where the subscript [H) indicates that the solution is for homogenous blood and 
Pc{z) is the corresponding capillary рОг- For large r, ρ from equation (5.5) must be 
equal to р^щ from equation (5.8). Note, that Κ0{ξητ) and thus fx{r,z,t) disappear 
for large r, so that: 
<S,T(r,z)*%c(z) + r2-r2c. (5.9) 
The location (r
e
, z
e
) where the erythrocyte boundary condition must be taken - the 
black dot in figure 5.2 - is not trivial and r
c
 is not equal to the capillary radius 
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т
с
. E.g., for the stroboscope solution, r
e
 is derived from the erythrocyte volume 
V
c
 = |тгг^. EP is the difference between p(r
e
,z
e
) and p
c
{z
e
), and can be calculated 
from the combination of equations (5.5) and (5.9): 
EP =
 % ίΓ« " Г' + R2/т(Ге'Ze'0) " R2 1 ηίΓ«/Γ«)} · ( 5 · 1 0 ) 
The location (r
c
, z
e
) can be calculated from the implicit set of equations (Hoofd et 
ai, 1996): 
(r
c
,z
e
) = s
c
 (cos(a), sin(a)) 
l-ein(or) / c , ,N 
C + ln(C) = ein(a) + lii(Aa,) ^ l i J 
1 A3ye=42(e 2 í-1-§C) 
5.3 Results and discussion 
The effect of the movement of the sources on the oxygen release from the capillary 
can be demonstrated by the EP. To facilitate understanding of the effects of source 
movement the comparison of pCh profiles can be helpful. The data used for the 
calculation of EP and the рОг profiles are valid for rat heart and can be found in 
the literature. The parameters that we need are: r
e
 = 2.44 μτη, calculated from 
V
e
 = 61 μτη2 (Altman et al, 1958), r
c
 = 2.4 μτη and R = 10 μτη (Turek et al., 
1986), and Q/4p = 6.33 Ρα/'μτη2 and aF/p = 10.56 μτη (Hoofd et al, 1990) for 
normal flow, leading to v/D = (aFlp)l{vT2) = 0.583 μτη-1. For various species, 
the coronary flow can be up to five times the normal flow in case of hard work 
(Honig, 1981; Lochner, 1971; Van Citters and Franklin, 1969). As an intermediate 
value, a v/D of two times the basic value is used. Since v/D = 0 is identical to 
the stroboscope approach, this value is considered too. The source spacing and 
hematocrit (Hct) can be transformed to each other, since Hot = V
e
/nr2Az. 
Figure 5.3 shows pCh profiles in the tissue around a single source for different 
source velocities. For comparison рОг profiles are shown of a calculation with the 
Krogh formula with substraction of EP that result in the same рОг at the tissue 
cylinder border. In all four panels, an identical erythrocyte pC>2 is used. It is evident 
that the рОг at the tissue border (r = R) is an increasing function of v/D. The 
top of the profiles, however, diminishes when the v/D increases. When v/D = 0, 
the profile is symmetric around the top and the top is at ζ = z
e
, but this symmetry 
is lost when v/D > 0 and the distance between the top location and the source 
location increases for increasing values of v/D. This is due to the differences in 
characteristic times for diffusion and source velocity. 
In figure 5.2 it is shown how the EP can be calculated in case v/D = 0. It is 
close to the difference between the рОг calculated with the current model and that 
of the Krogh model at (r = r
c
, ζ = 0). For v/D > 0 the EP cannot be calculated 
from the рОг profiles but should be calculated from equation (5.10). In figure 5.4 
results of EPs calculated with this formula are shown as a function of the source 
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Figure 5.3: Profiles of p 0 2 in the tissue according to the moving sources model 
(thick lines) and the Krogh model incorporating EP (thin lines), around a single 
source (r
c
 < r < R, —Δ2/2 < ζ < Az/2). R = 10 μτη and Az = 16.9 μτη. Values 
for v/D are 0 μτη'1, normal (0.583 μτη'1), two times normal (1.167 μτη'1), and five 
times normal (2.917 μτη'1) 
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Figure 5.4: Extraction pressure plotted against source spacing (Δζ) for v/D = 
0 μτη'1, normal (0.583 μτη'1), two times normal (1.167 μτη'1), and five times 
normal (2.917 μτη'1). Het values corresponding to Az are indicated at the upper 
horizontal axis. For comparison, the pressure drop in рОг (Ар) in the second step 
of the transport, from the capillary wall to the tissue cylinder border, is shown, 
according to the Krogh formula. 
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spacing At low hematocrit the transport of oxygen into the tissue is enhanced by 
source movement, since the EP is a decreasing function of increasing Δ ζ For high 
hematocrit the EP increases with increasing v/D This negative effect of source 
movement occurs when the source enters the pOj top of the preceding source The 
рОг drop further afield, in the tissue, can be calculated with the Krogh formula 
and is also shown in figure 5 4 Although the EP depends on the spacing, the EP 
often equals the tissue pressure drop Δρ, since in capillaries the hematocrit is low 
It is evident, at least for rat heart, that the particulate nature of blood can be quite 
important for the oxygen transport into tissue The importance can be estimated 
by the EP, and in this way it can also be used to account for the effect of the 
particulate nature of blood in models that use a homogeneous treatment of blood 
The present model can be used to investigate the effect of erythrocyte spacing 
and source movement on the oxygen transport to tissue from capillaries and to 
calculate a single determinant of this effect the extraction pressure An increase of 
sources spacing reduces the average рСЬ m the tissue and increases the EP, but an 
increase in spacing can be compensated for by an higher source velocity 
Chapter 6 
Reconsidering the Effect of Local Plasma 
Convection in a Classical Model of Oxygen 
Transport in Capillaries 
Bos, C, Hoofd, L., and Oostendorp, T., Microvasc. Res. 51, 39-50 
6.1 Introduction 
In the microcirculation, both diffusion and convection play an important role in 
oxygen transport to tissue. Of these two transport phenomena, the former is the 
better defined and relatively easy to incorporate in mathematical models of tissue 
oxygenation. It was the first to be modeled (Krogh, 1919). The latter is more 
complicated and in most models only partly implemented. In these models, only 
the global transport of blood, including red blood cells (RBC), is taken into account. 
In this type of 'global' convection, radial components of the velocity of the plasma 
are neglected. A large number of authors investigated tissue oxygenation by means 
of diffusion and global convection (e.g. Groebe, 1990; Tsai and Intaglietta, 1993; 
Secomb et ai., 1993; Sharan et al., 1991). A major difference among these models 
is how the oxygen transport phenomena in the capillaries are described. There is 
more to be said about convection in the capillaries. 
In small capillaries the RBCs fill the capillary completely or at least almost 
completely in the transverse direction. Between the RBCs there will be gaps of 
various lengths filled with plasma. In these gaps local convection may induce motion 
of the plasma, which might enhance the oxygen transport into the tissue. This can 
be investigated by coupling the local convection to the diffusion by use of the plasma 
velocity components in the mass-balance equations. For this purpose, a model of 
the local convection is needed. 
Convection was extensively investigated for relatively simple geometries in the 
sixties and reviews of these studies can be found in literature (Aroesty and Gross, 
1972; Huang, 1971; Leonard and J0rgensen, 1974). Both (semi-) analytical (Duda 
and Vrentas, 1971; Lew and Fung, 1969; Wang and Skalak, 1969) and numerical 
solutions (Aroesty and Gross, 1970; Bugliarello and Hsiao, 1970) are found. An 
analogue of oxygen diffusion is heat transfer. The effect of motion on heat transport 
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was investigated experimentally by for instance Prothero and Burton (1961). They 
found motion could improve heat transfer by up to two-fold. However, Aroesty and 
Gross (1970) showed that one has to be careful in extrapolating these results to 
oxygen transport. Therefore they developed a mathematical model which combined 
local convection and diffusion. They concluded from this model that the effect of 
plasma motion on local oxygen transport was insignificant. Their study was the 
basic justification for omitting local plasma convection in investigations of oxygen 
transport in capillaries. 
When one carefully looks at the concentration gradients that are calculated with 
models based on diffusion and net convection, it is obvious that the oxygen concen­
tration profile at the plasma-tissue and the plasma-RBC interface is curved, with 
a higher value at the upstream RBC and a lower value at the downstream RBC 
(Groebe and Thews, 1989; Groebe, 1990; Hoofd, 1992). These curved profiles ori­
ginate from the particulate nature of blood and the difference in concentration at 
the up- and downstream RBC is caused by the oxygen loss of the RBCs. Aroesty 
and Gross, however, set the concentration at the plasma - tissue interface and the 
plasma-RBC interfaces to constant values, with the same value at both RBCs. This 
discrepancy in concentration at the boundary of the plasma between the model of 
Aroesty and Gross and the values that are available from current tissue models, are 
considered in this paper. If the outcome of the study of Aroesty and Gross does not 
depend on the choice of boundary concentrations, their conclusion will be generally 
applicable. In other words, if local plasma convection never affects oxygen transfer, 
this should be true for every type of boundary condition. 
In this study more realistic boundary conditions are applied to the model of 
Aroesty and Gross (1970). The results show whether the influence of plasma motion 
on local oxygen supply really can be ignored or that further study is needed. 
6.2 Mathematical model 
The model is developed for a cylindrical plasma gap between two RBCs. Con­
sequently the cylindrical coordinate system τ = (г, φ, ζ) is used. Because of axial 
symmetry there is no dependence on the azimuthal angle φ, consistent with the 
layout of the model of Aroesty and Gross. In figure 6.1 it is indicated that half the 
distance between the RBCs is L, the radius of the capillary is R and the velocity 
of the RBCs is VRBC- Since only the effect of local convection was investigated the 
plasma motion was considered relative to the RBCs, which simplifies the describing 
equations. This is similar to a moving wall with fixed RBCs where the wall moves 
with velocity -VRBC· The equations are extensively described by Aroesty and Gross 
(1970). Next the major equations that set up the model are shown. 
The fluid dynamics is modeled by two equations: the equation of continuity, 
which is the mass balance, and the equation of motion, which is the momentum 
balance. Unlike blood, plasma is considered to be a Newtonian fluid, i.e. with 
a constant density ρ and a constant viscosity μ. This leads to the Navier-Stokes 
equation, but for low Reynolds numbers, with a characteristic distance d, (Re = 
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Figure 6.1: Layout of model (upper part) and oxygen boundary concentrations 
(lower part). In the bottom plane a rough depiction of the streamlines is shown for 
R/L = 1.0 
p-v-d-μ < 0.1) the equation can be simplified to Stokes flow (Bird et al., 1960). In 
capillaries the Reynolds number is approximately 10 - 3 . Thus, the fluid dynamics is 
described by 
Í (V · v) = 0 
\ V p = pV2v 
(6.1) 
where ρ is the pressure, ν is the velocity of the fluid, the dot denotes the inner 
product of two vectors, V is the gradient operator, and V 2 is the Laplace operator. 
For the chosen coordinate system the gradient and Laplace operator are defined as 
V = 
& 1 д д2 
^ = i-+~ + ^- (6.2) 
The equations of motion and continuity are solved by means of the stream function 
Ψ, where the velocity components are expressed as derivatives of Ф. For this case 
the stream function is defined as the solution of 
(6.3) 1 дФ 1 дФ 
r or r az 
where uz and uT are, respectively, the axial and radial component of the dimension-
less velocity Й, where ü = W/WRBC- The stream function can either be solved from 
a fourth order partial differential equation (PDE), or from a system of two second 
order PDEs. Here, we follow Aroesty and Gross (1970) by solving a system of two 
equations, since the number of grid points needed in numerical computation is less 
than with the fourth order equation. To solve the stream function, two simultaneous 
equations have to be solved: 
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£2Φ = τζ ... , дщ ди
г Δ . д
2
 Id д2 
where ζ is the vorticity, which is the curl of the velocity (V x u). The boundary 
condition for the fluid dynamics is zero slip at the boundary surfaces, which leads 
to stream lines of constant Ψ, similar to those in figure 6.1. 
The velocity components derived from the stream function are needed for the 
mass transfer equation. When steady state is assumed, the mass conservation equa­
tion becomes 
(v-V) = flV2c (6.5) 
where с is the concentration, and D is the diffusivity. The motion is introduced in 
the left-hand side and the diffusion is defined in the right-hand side. The equations 
are made dimensionless by means of the characteristic length L, the characteristic 
velocity VRBCI the lowest oxygen concentration Co, and the highest oxygen concen­
tration cj. The dimensionless concentration, с* = (c —Co)/ci, is calculated from the 
equation 
дс* дс*\ д2с* Ідс* d2 
с 
'
 z
 dz T dr ) dr2 τ dr dz2 
where Pe = VRBC " L/D is the Péclet number. It can easily be seen that Pe is zero 
if the local convection is neglected. Then, the local mass transfer is entirely based 
on diffusion. 
To calculate the dimensionless concentration profile, boundary conditions for 
the concentration at the borders of the plasma are needed. Aroesty and Gross 
used (dimensionless) concentrations of 1 at the tissue-plasma interface and 0 at 
the RBC-plasma interface, which implies oxygen uptake by the RBCs. Exactly the 
same effect of plasma motion will be found when the boundary concentrations are 
set to 0 for the tissue-plasma interface and 1 for the RBC-plasma interface, implying 
oxygen release from the RBCs. It is obvious that these are unrealistic conditions, 
resulting in singularities in the describing equations at the corners of the gap. Still, 
these concentrations are useful indeed as a first investigation of the effect of motion. 
More realistic boundary concentrations might be obtained from models that rely on 
diffusion and global convection, even though these models do not take into account 
the motion of plasma. The curved concentration profiles as obtained from such 
models (Bos et al, 1995, Groebe and Thews, 1989; Groebe, 1990; Hoofd, 1992) can 
be used as boundary concentrations. For simplicity these boundary concentrations 
are approximated by second order polynomials. In this study we use the model of 
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Bos et al. (1995) to approximate these boundary concentrations. The equations are 
upstream RBC (ζ = — L) 
downstream RBC (ζ = L) 
capillary border (г = R) (6.7) 
where aj is the concentration drop from the center of the RBC to the border, and 
a2 is the concentration drop between two successive RBCs. Note that there is a 
maximum and a minimum for c* of 1 and 0 respectively and that the concentrations 
are continuous at the edges. 
Similar to the convection, the oxygen flux through the capillary wall can also 
be considered on a local and a global scale. To investigate the effect of motion on 
the local mass transfer Aroesty and Gross introduced a ratio m of gradients at each 
location along the boundary of the gap, defined as 
Local mass transfer rate (convection+diffusion) 
™ = ; : ; , ,.„ . г^ ~- (6.8) 
Local mass transfer rate (diffusion only) 
m is defined along all boundaries: at the capillary wall m = {дс/дг)
Ре
/(дс/дг)
Ре=0 
and along the RBC m = {dc/dz)Pe/(dc/dz)Pe=0. This ratio shows the effect of mo­
tion on the local mass transfer. Although this provides interesting information, it 
does not provide an easy estimate of the change in overall oxygen fluxes through the 
capillary wall. The change in the local gradient does not necessarily show whether 
the global flux is changed, since a large change of a small gradient might be compen­
sated for by a small change of a large gradient. Therefore we introduce ip, the ratio 
of the global flux across the entire boundary with plasma motion to the global flux 
without motion. The difference in oxygen flux at the capillary wall can be calculated 
by means of a flux ratio which is defined as: 
f_L JTdz\Pe=0 ¡tL (§;) ¿Фе=о 
Essentially, m and ψ describe the same phenomenon, rh local and φ global. 
The results of model calculations are presented and compared both for situations 
as considered by Aroesty and Gross and for more realistic boundary concentrations. 
Similarities between the two approaches are that calculation of the local convection 
is identical and that the calculation of the oxygen transfer is based on the use of fixed 
oxygen concentration profiles as boundary conditions. The difference is the shape 
of the oxygen profiles that are used as boundary conditions for the calculation of 
the oxygen concentrations throughout the plasma. 
6.3 Results 
The model was used to perform calculations for rat heart. The diameter of capillaries 
varies, but since in the present model the RBC fills the capillary, only a small radius 
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Table 6.1: Effect of motion on the flux at the capillary wall 
Fig 2 
A 
В 
С 
D 
Het 
40% 
40% 
20% 
20% 
αϊ 
0 
0 34 
0 
0 23 
α2 
0 
0 18 
0 
0 12 
R/L 
10 
1 0 
0 4 
0 4 
Pe 
(Rest) 
14 
14 
3 7 
3 7 
Pe 
(Max) 
68 
6 8 
18 
18 
¥>(!) 
1.00 
101 
100 
101 
?(2) 
1 00 
1 03 
100 
1 02 
9(10) 
100 
1 15 
1 00 
124 
<p(Pe) 
(Rest) 
100 
1 02 
1 00 
1 07 
<p(Pe) 
(Max) 
100 
1 10 
100 
151 
Noie αϊ and 02 from equation (6 7), and φ( ) from equation (6 9) Rows with αϊ = a2 = 0 
are boundary concentrations as used by Aroesty and Gross (1970), and in the remaining rows αϊ 
and Ü2 are estimated from Bos et al. (1995) 
is considered. For rat, the volume of an RBC is 61 (/¿m)3 (Altman et al, 1958). 
For R = L and a 40% hematocrit this results in a capillary radius of 2.44 μπι, 
which is a typical value for rat heart capillaries. The diffusion coefficient of oxygen 
in plasma is about 2 · 10~9 m2 · 5 - 1 (Groebe, 1990; Nair et al, 1990). Based on a 
average RBC velocity of 1 rnm-s~l (Rakusan and Blahitka, 1974) Hoofd et al. (1990) 
calculated a value for aF/p which leads to v/D — (aF/p)/(wR2) = 0.565 (μτη)-1 
for 'resting' rat heart muscle (i.e. non-exercising rat). These values can be used 
to calculate the Péclet number, which is indicative of the amount of convection. 
Therefore, to investigate the effect of motion the equations were solved for different 
Péclet numbers. The maximal value for Pe is found for a low hematocrit together 
with a high velocity. Here, the lowest hematocrit is 20% and maximal value for v/D 
is five times 0.565 (μτη)~ι, which results in Pe = 18. This maximal value for v/D 
is chosen since for different species, the coronary flow can increase about five times 
for heavy work (Honig, 1981; Lochner, 1971; Van Citters and Franklin, 1969). 
In figure 6.2 the calculated oxygen profiles are shown for Pe = 1 and Pe = 10. 
To show the effect of local plasma convection on the profiles the difference between 
those two profiles is also depicted. These figures can also be used to get an impression 
of the concentration profiles that are used as boundary conditions. In figure 6.3 the 
corresponding local gradients are shown for A, B, C, and D. The RBCs move from 
left to right. 
In figure 6.ЗА and 6.3C, the effect of motion on m is shown for boundary con­
ditions similar to those used by Aroesty and Gross (1970). They showed only the 
m along the capillary for R/L = 1.0, and it is obvious that motion does alter the 
local mass transfer but the impact is rather small, since the enhancement at the 
downstream side is almost canceled by the changes at the upstream side. When 
the RBC spacing increases to R/L = 0.2 the effect of motion is even less important 
with the boundary conditions of Aroesty and Gross (not shown). It can also be 
seen that the flux at the upstream RBC increases while the flux at the downstream 
RBC decreases, so the contribution of the upstream RBC to the tissue oxygena­
tion increases at the expense of the downstream RBC. This raises the question as 
to whether the effect of motion is more important when both RBCs have different 
oxygen concentrations. 
This question is addressed together with the investigation of the effect of more 
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(a) (b) (c) 
В 
D 
Figure 6.2: Oxygen concentration profiles for Pt = 1 (a) and Pt = 10 (b) and 
concentration difference (c) between Pe — 10 and Pc — I. A, B, C, and D are for 
the same hematocrit and boundary conditions as their corresponding examples in 
figure 6.3 and table 6.1 . The RBCs move from left to right. 
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Figure 6.3: Local mass transfer ratio at the gap borders: upstream (a), tissue (b), 
and downstream (c). The boundary concentrations are identical to those in figure 
6.2 and in table 6.1, where A, B, C, and D correspond to identical situations. 
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realistic continuous oxygen profiles as boundary concentrations. In table 6.1 the 
effect of motion on the total oxygen flux at the capillary border is shown through 
ψ{ ) with various boundary concentrations. It can easily be seen that the effect of 
motion is absent for the boundary conditions of Aroesty and Gross. When either a 
concentration drop between two successive RBCs or curved boundary concentrations 
are introduced separately (not shown here) the effect of motion becomes visible. In 
table 6.1 a combination of both the concentration drop and the curved profile is used 
(where both αϊ and a 2 are non-zero). This results in a significant effect of motion 
on the oxygen transport. 
Figure 6.4: Effect of coefficients αϊ and a 2 from equation (6.7) on the overall oxygen 
flux φ() from equation (6.9) at Pe = 10, and hematocrit values of 0.2 and 0.4. 
The interpretation of the coefficient a 2 is straightforward. It is the average 
difference in p 0 2 at the plasma-RBC interface of the up- and downstream RBC. In 
figure 6.4 it is shown that ψ is primarily influenced by a 2. The other coefficient, 
O], affects both the curvature of the oxygen profile at the plasma-RBC interfaces 
and the profile at the plasma-tissue interface. An increase of a t results in a steeper 
profile at the RBC wall and the opposite happens at the tissue wall. The coefficient 
α
Ί
 hardly influences the oxygen flux through the plasma-tissue interface. This can be 
interpreted either as insignificant contribution of the curvature of the oxygen profiles 
or as a cancellation of the effects of the change in curvature of the two profiles. 
6.4 Discussion 
Oxygen transport is based on two phenomena: diffusion and convection. Some of 
the effects of both of these on oxygen transport can be determined from the local 
mass transfer rate ratio. Some of the differences in rá as depicted in fig. 6.3 for 
R/L = 1.0 and 0.4 with the boundary conditions of Aroesty and Gross (fig. 6.ЗА and 
6.3C) can be explained by the difference in characteristic time for diffusion (тд = 
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a
2/D) and the one for convection (τ„ = ο/υ), where a is the characteristic distance. 
The characteristic distance for diffusion to the surrounding tissue is R, which is а 
constant, and the characteristic distance for convection between to successive RBCs 
is L. For the data used here TD/TV = ( Л / i ) 2 -Pe, which shows that the characteristic 
times are equal for Pe = 1.0 and R/L = 1.0. The streamlines are independent of 
the velocity, but they depend on the ratio R/L. For R/L = 1.0 the radial velocity 
component in the plasma is significant at ζ = 0.25L, resulting in relatively well-
mixed gaps. For low ratios the shape of the streamlines is much flatter and the 
radial velocity only plays a role close to the RBCs (Bugliarello and Hsiao, 1970). 
This clarifies the different shapes of m for R/L = 1 . 0 and 0.4. In fig. 6.3C, the shift 
to the right of the intersection at m = 1 near ζ = 0 for higher Pe can be associated 
with the increase of the ratio TQ/TV. The same arguments hold for figures 6.3B and 
6.3D, but it is much more complicated to understand the implications here, since 
the boundary concentrations are continuous, nonlinear functions of г or z. Since the 
ratio m is hard to interpret, the ratio of flux at the capillary border is introduced. 
Therefore the figures 6.3B and 6.3D are not discussed in detail. 
The ratio φ( ) as defined in equation 6.9 depends on the same phenomena as m, 
but the contribution of each of these phenomena cannot be determined separately. 
It does demonstrate, however, the difference in flux at the capillary wall. In table 
6.1 it is shown that for resting rat heart muscle, an increase in flux of 2 to 7% is 
calculated depending on the hematocrit. The impact of an increase in flux of, say, 
5% is still rather small, since the supplied volume will increase 5% too and therefore 
the Krogh cylinder radius will only increase with a factor of about %/1.05, which is 
an increase of 2%. For maximal flow and a hematocrit of 20% the flux is up to 51% 
higher than without motion, which would imply a 23% larger radius of the Krogh 
cylinder. This is a substantial increase. The hematocrit in the capillaries is usually 
about half the systemic hematocrit, hence the calculations suggest a substantial 
increase for high flow conditions in rat heart. 
Although these results are interesting, no final word can be said about the effect 
of motion on the oxygen transport. First of all, the influence of the chosen geometry 
has not been investigated. The geometry used here is applied often in modeling 
but is certainly not the geometry in vivo. Bugliarello and Hsiao (1970) showed 
that a small flow along the RBCs or a small curvature of the RBCs hardly alters 
the streamlines. For large deviations of the cylinder geometry, though, or with 
interaction of RBCs the streamlines are substantially different (Sugihara-Seki, 1992; 
Sugihara-Seki and Skalak, 1988; Wang and Skalak, 1969) and the oxygen transport 
is likely to be different, since even without local convection the RBC shape has 
a large influence on the oxygen concentration profiles (Wang and Popel, 1993). 
Secondly, the concentrations at the plasma boundaries are assumed to be the same 
for different Pe numbers. To incorporate changes in boundary concentrations, the 
model has to be extended to include the binding of oxygen to hemoglobin inside 
the RBCs and to myoglobin in the tissue and possibly also to convection inside 
the RBCs. Finally, the values for maximal flow are rough estimates. Values for 
RBC velocities for maximal working muscle are hard to find in the literature. For 
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resting rat skeletal muscle values of down to 0.1 mm • s~l are reported (Fisher et al., 
1992; Tyrnl et ai, 1992). For these values the motion is likely to be insignificant. 
Tyml (1991) found an average RBC velocity of 0.08 ± 0.07 mm • s - 1 for resting rat 
skeletal muscle and a value of 1.0 ±0.36 mms~l for moderately contracting muscle. 
For contracting muscle the highest value was in the range 2.1 — 2.2 mm • s_ 1 . For 
maximally working muscle a much higher value for the RBC velocity can be expected 
than for resting muscle. Even if the maximal flow is half of that assumed here, there 
still is a notably higher oxygen transfer rate with motion than without motion. It 
is obvious that it is important to obtain accurate measurements of the upper end 
of the of the RBC velocity range, since the effect of motion starts to be important 
at velocities around 1 mm • s~l. Furthermore, the blood flow in capillaries not 
simply increases with increasing contraction. At a contraction of over 30% of the 
maximal voluntary contraction the pressure of the muscle around the capillaries is 
high enough to compress the capillaries and to stop the blood flow. 
The tissue around the capillary is also a factor of importance. The changes in 
gradient at the tissue-plasma interface depend on both the gradient in the plasma 
and the gradient in the tissue. Therefore an accurate model should also calculate 
the gradient in the tissue adjacent to the capillary. Modeling of an additional thin 
layer of tissue will suffice, since the gradients damp out quickly (Bos et al., 1995). 
6.5 Conclusion 
Aroesty and Gross (1970) stated that the effect of motion is negligible. The out-
come of their investigation was determined by their choice of concentrations at the 
gap boundaries. If the effect of motion were always negligible, then their statement 
should also be true for boundary concentrations originating from models that ne-
glect the motion. It is shown here that the outcome of their study is often true, 
but that motion can be a significant factor in oxygen transport when boundary con-
centrations are used which are similar to those found with the non-motion models. 
Although there are some assumptions made in the current model that need further 
investigation, it is clear that motion of plasma is likely to play a role in the oxy-
gen transfer from the RBCs to the tissue for low hematocrit values and high RBC 
velocities. 
Chapter 7 
Local Plasma Motion and the Oxygen Flux from 
the Capillaries to the Tissue 
7.1 Introduction 
Local plasma convection has hardly been an item in modeling of capillary tissue 
oxygenation since Aroesty and Gross (1970) showed that it can be neglected. They 
modeled the transport in plasma trapped between two successive red blood cells 
(RBCs) and the capillary wall using elementary boundary conditions for oxygen. 
When they investigated the oxygen flux from the plasma through the capillary wall, 
they saw an increase in oxygen flux out of the capillary near the downstream RBC 
and a decrease near the upstream RBC. These two differences were complementary, 
so the overall flux did not change significantly. 
The work of Aroesty and Gross was the basis for neglecting the local plasma 
mixing. In the years following, the models of oxygen transport in tissue have been 
improved, where different approaches and solutions show comparable results. The 
рОг gradients calculated with these models turned out to be totally different from 
those used by Aroesty and Gross (1970). Therefore Bos et al. (1996a) investigated 
the effect of convection for a similar setup as that of Aroesty and Gross, but with 
different, more realistic boundary conditions. They found that there can be an effect 
of plasma mixing in some cases. However, they also argued that the restriction of the 
model to the plasma still leaves open the question of the effect of local convection on 
the overall oxygen transport. Therefore an extended model is presented here which 
includes not only plasma but also RBCs and tissue. 
The emphasis of this study is on the oxygen flux changes along the capillary 
wall. Estimating the end effect of plasma motion on the tissue oxygenation on basis 
of this oxygen flux alone is not sufficient, since the tissue рОг depends on more than 
the flux out of the capillary alone. The effect of the convection on the global рСЬ 
level is investigated by comparing the Extraction Pressures (EP) as calculated with 
and without local convection. This gives us a clue about what happens to the global 
pC*2. Two different types of tissue are considered: rat heart muscle and dog gracillis 
muscle. 
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Figure 7.1: Depiction of the model layout. At the left side half of the upstream 
RBC is shown and modeled. At the right side half of the downstream RBC is shown 
and modeled. 
7.2 Model description 
As stated in the introduction, the model covers tissue, plasma, and RBCs. The 
smallest possible unit is chosen, which is shown in figure 7.1. This layout is also 
used in a previous model (Bos et al., in press). In that model the presence of 
myoglobin was neglected, whereas it is included in the current model. Note that 
only half of the upstream and half of the downstream RBCs is included in the model. 
Since the model is cylindrically symmetric, the coordinates are chosen accordingly 
(r, z). 
In this model no plasma layer is present between the RBC and the capillary 
wall. Incorporation of a plasma layer would change the plasma motion slightly, 
but is not likely to contribute to a large extent to the effect of motion, since the 
distance between the RBC and the capillary is sufficiently small to be in favor of 
diffusional transport. It might, however, impose an extra resistance in the oxygen 
transfer, which would lead to a lower рОг in the tissue. Finally, it would probably 
not be worth the extra effort and computation time. Therefore, the plasma layer is 
neglected in this model. 
According to Bos et al. the plasma convection is described by the equation of 
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continuity and the equation of motion: 
Н ) = ° (71) 
where V is the gradient operator, V 2 is the Laplace operator, ΰ is the plasma velocity 
vector, pp is the pressure of the plasma, and μ is the viscosity. The boundary 
condition in an non-moving frame used for this set of equations is no slip at the 
surface of the capillary (vz — О Λ vT = 0) or RBCs (vz — VRBC Λ υΓ = 0). 
Equation 7.1 is needed for calculation of the velocity components of plasma. 
These velocity components are used in the equations describing the facilitated oxy­
gen transport. Both convection and facilitated diffusion can be found in the oxygen 
transport describing equations. There are three different parts in the model: plasma, 
RBCs, and tissue. The oxygen transport inside the plasma includes both convection 
and diffusion and is described by 
^ - r £ - V p = p V 2 p , (7.2) 
where ρ is oxygen partial pressure, t is time, and ρ is oxygen permeability. Besides 
plasma, RBCs are present in the capillary. Inside the RBCs oxygen is assumed to 
be transported by facilitated diffusion only (no convection). Apart from oxygen 
transport, there will also be oxygen release from hemoglobin. This results in the 
following system of two equations: 
ƒ
 яп
 §? + *-Vp =pV»p+f
e 
1 2 ^ i + ν • VsOw = DHbV's02Mb - g '
 (
 > 
where В is oxygen binding capacity of hemoglobin, α is oxygen solubility, g is the 
oxygen unloading from the heme groups, лОг.яь is the saturation of the hemoglobin 
carrier, and Dub its diffusion coefficient. 
In absence of myoglobin, the oxygen transport in the tissue can be described by 
д± = ^ ? - М (7.4) 
where M is the oxygen consumption per tissue volume. In the presence of myoglo­
bin, a set of of equations would be needed that is similar to those for the RBCs 
(equation 7.3). However, if steady-state is assumed and the diffusion coefficients 
for oxymyoglobin and deoxymyoglobin are the same, according to Hoofd (1992) the 
steady state transport equation becomes 
p V V = Μ , (7.5) 
where 
Ρ' =P + PFs02,Mb ; s02.Mb = ;— , (7-6) 
Рьо,мь + Ρ 
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and зОг.мь is myoglobin saturation, рво,мь the р 0 2 at which half of the myoglobin 
is bound to oxygen, and PF = DoiMb{cMb + со
г
мь)ІР the facilitation pressure. 
The boundary conditions for the equations are no flux through the border of 
the cylinder (J
r
{z) = 0) and through the center of the capillary (J
r
{z) = 0). 
Furthermore, the flux at the upstream side equals the flux at the downstream side 
(Jz,uV{r) — Jz,down{r)), while there is a fixed difference in oxygen between the up­
stream and downstream side ( p *
u p — P*Zidown
 =
 Δρ*). Finally the p 0 2 in one point 
of the grid is set to a fixed value (p = p
se
t)- As far as the boundaries inside the unit 
are concerned, separate boundary conditions can be used for oxygen, hemoglobin 
and myoglobin diffusion. For the sake of simplicity we assume that the binding 
and release of oxygen to either hemoglobin or myoglobin is fast enough to use the 
assumption of a saturation that matches the p 0 2 or that the mismatch between 
saturation and p 0 2 is insignificant (Hoofd, 1992). 
The saturation change ρ is based on the binding kinetics of the oxygen carrier to 
oxygen. The formal reaction scheme used for the binding of oxygen to hemoglobin 
is 
02Hb ^ Hb + 02, 
where к
аі
ць is the association constant, and k¡¡tnb is the dissociation constant. Ac-
cordingly, the equation describing the oxygen unloading is 
ρ = kd¡ms02tHb - к
аіНЬ
(1 - s02,Hb)p02 . (7.7) 
The reaction constants for hemoglobin have to be derived from the binding character­
istics of hemoglobin and oxygen. When the associastion and dissociation constants 
are assumed to be true constants, the kinetics are totally different from what is 
observed from the real binding characteristics. A possible solution to this problem 
is to use a fixed value for one of the constants and to vary the other according to the 
p 0 2 (Moll, 1969; Sheth and Heliums, 1980; Clark et al, 1985; Bouwer, 1987). Here 
we vary the association constant according to the Hill equation, which leads to the 
following equation for the saturation change of hemoglobin (Bos et al., in press): 
ρ = kdS.02,Hb 
„ ι ι \ l/n 
1--Е-Ы 1 P5U \s02Jlb 
(7.8) 
The results are presented in terms of fluxes and the Extraction Pressure {EP). 
EP depends on the average p 0 2 in the RBCs (PRBC), the p 0 2 at the cylinder rim 
(рд), and the oxygen drop between the capillary wall and the cylinder rim according 
to the Krogh formula (Дрк>
о д
л): 
EP = PRBC -PR- ApKrcgh , (7.9) 
where , 
MR2 Г R2\ r2
c
-R2\ ,_in. 
Δ ρ
Λ
^ = — ( i n y + ^ - j . (7.10) 
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Furthermore, the effect of local motion is compared to the diffusion, as expressed 
in the Péclet number (Pe). Since the characteristic distance of the local motion 
is half of the distance between the two successive RBCs, Pe is defined here as 
Pe = (vRBCAz)/(2D). 
The model contains two non-linear equations (7.6 and 7.8). Since the method 
used for solution of the partial differential equations can only solve linear equations, 
the equations were linearized. The oxygen release (equation 7.8) is described by: 
{ e = kd(ap + sO-2iHb) 
Equation 7.6 is of importance at the tissue - plasma and tissue - RBC interface, 
where ρ has to be transformed to p*. The linearisation used here, relies on the 
history of the convergence of the computation method: рОг values of the previous 
step are used. The equation is linearized around the previous рОг value. The p* is 
calculated from the following set of equations: 
ƒ p* - bp = p* - bp„ 
i 6 = 1 + , 'Г"·™ ' 
Ι (Ρ0+Ρ50.ΜΙ.Γ 
where p|$ is p* from the previous step, and po is ρ from the previous step 
b is the differential of the combined equation 7.6. 
7.3 Results and discussion 
Iteration of the system of equations leads to a fast convergence. Generally two or 
three iterations suffice, except for those cases where the oxygen supply cannot meet 
the level of oxygen demand, i.e. for expanded cylinder radius and low hematocrit or 
low RBC velocity. The maximum number of iterations that were needed is about 
10. The criterion to stop the iteration is a difference in the next estimate of EP of 
less than 0.005 kPa, with a minimum number of iterations of five. 
Grid refinement was also based on the difference in calculated EP. As refinement 
step was taken the addition of one grid point in the radial or axial direction inside 
the capillary. For rat heart, the criterion to stop grid refinement was a difference in 
the EP of less than 0.01 kPa, whereas for dog muscle refinement was stopped at a 
difference in Ε Ρ of 0.1 kPa. The latter was necessary, because the amount of grid 
points needed exceeded the computer memory. For a comparable grid size to that 
of rat heart, the amount of grid points is significantly larger. 
Two different data sets are used. One for rat heart and one for dog skeletal 
muscle. The data for rat and dog muscle can be found in table 7.1. Most figures 
and values presented here are for rat heart data. Results for dog skeletal muscle are 
similar to those for rat heart; deviations are indicated as such. 
In figure 7.2 some p 0 2 profiles along the capillary wall are shown. Additionally 
the corresponding oxygen flux from the capillary into the tissue is shown. These 
(7.12) 
Note that 
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Figure 7.2: Oxygen partial pressure and oxygen flux along the capillary for rat heart 
data. On the horizontal axis the axial position is shown. In the left panel the рОг 
is shown on the vertical axis and in the right panel the oxygen flux into the tissue. 
Panels A to D are for 20% hematocrit, and E to Η for a 45% hematocrit. Pe — 1.4 
for A, B, E, and F, while Pe = 18 for the rest of the panels 
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Table 7.1: Parameter values used in the model for rat heart and dog gracillus muscle 
Symbol 
Гс 
R 
У RBC 
Do2,RBC 
Do2,Plaama 
Do2,Tis3ue 
("RBC 
Gpiasma 
("tissue 
В 
Dm 
i>50 
η 
hi 
M 
D\ib 
Pso,Mb 
смь 
Pboundary 
Rat 
2.4 IO" 6 
H O " 5 
6.1 i o - 1 7 
1.9 IO" 9 
1.9 IO" 9 
1.9 IO" 9 
0.0117 
0.0106 
0.0106 
21.4 
1.44 IO" 1 1 
4.93 
2.7 
44 
0.665 
1.97 IO" 1 0 
0.71 
0.25 
6 
Dog 
2.3 IO" 6 
2.25 IO" 5 
6.6 IO" 1 7 
9.5 IO" 1 0 
1.65 IO" 9 
1.16 Ю - 9 
0.0117 
0.0071 
0.0071 
20.3 
1.44 Ю" 1 1 
3.52 
2.65 
44 
0.0991 
8 IO" 1 1 
0.71 
0.54 
6 
Unit 
m 
m 
m
3 
m
2
 s
-1 
m
2
 s-
1 
m
2
 s'
1 
тпоІтГ
3
 kPa~l 
molm~3 kPa~l 
molm~3 kPa~l 
molmT3 
m
2
 ¿Г 1 
kPa 
-
s-
1 
molm~3 s'1 
m
2
 s
- 1 
kPa 
mol m~3 
kPa 
figures are straightforward and easy to interpret. They are also important to un­
derstand some of the other figures. One can see that the p 0 2 at the RBCs is high 
and that the pC<2 drops in between the RBCs. The same phenomenon is found for 
the oxygen flux. This implies that a large change in flux at, say, the center of unit 
can be compensated for by a small change at the RBCs to keep the total flux into 
the tissue constant. Along the capillary, most of the oxygen is transported into 
the tissue alongside the RBCs. For high velocities, e.g., Ρ e = 18, the gradient in 
the axial direction is steep at the downstream side of the upstream RBC and the 
opposite holds for the upstream side of the downstream RBC. This is comparable to 
the elongation of the source contour found by Hoofd et al. (1996). A similar pheno­
menon is found for waves generated by a moving object. The waves are compressed 
at one side and stretched at the other side. 
In figure 7.3 and figure 7.4 the effect of local plasma motion on the local flux 
ratio m as defined by Aroesty and Gross (1970) is shown. This ratio is defined as 
Local mass transfer rate (convection + diffusion) 
Local mass transfer rate (diffusion only) 
where diffusion and convection refer to the processes inside the plasma, and diffusion 
refers to local diffusion only (i.e. no plasma convection in a moving frame). In most 
frames of figure 7.3 and 7.4 local motion increases the local oxygen flux through the 
plasma - tissue interface considerably. At least this seems to be the case when these 
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Figure 7.3: Enhancement of oxygen flux along the capillary. On the horizontal axis 
the axial position is shown, and on the vertical axis the local flux ratio m is shown 
for a hematocrit of 40% and Péclet numbers of 1.4 (A), 3.6 (B), 6.8 (C), and 18.0 
(D). 
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Figure 7.4: Enhancement of oxygen flux along the capillary. On the horizontal axis 
the axial position is shown, and on the vertical axis the local flux ratio m is shown 
for a hematocrit of 20% and Péclet numbers of 1.4 (A), 3.6 (B), 6.8 (C), and 18.0 
(D). 
relative changes in flux, m, are compared to each other. At most locations along 
the plasma - tissue interface the local flux with local motion is higher than that 
without local motion. As indicated by Bos et al. (1995), the ratio m does not give 
an good estimate of the change in flux through the entire capillary wall. Therefore 
they calculated the flux ratio for the integrated flux φ, defined as: 
?(&)<** 
ψ: 
7(8«** 
motion (7.14) 
no motion 
where the region of the capillary wall over which the flux is considered runs from z0 
to z\, where z0 = —L/2 and z\ = L/2 in case the entire capillary wall is considered 
or z0 = —Δζ/2 and Z\ = Δζ/2 in case only the plasma - capillary interface is 
considered. 
Calculations of φ over the plasma - tissue interface result in an increase of the 
flux up to 5% for rat heart data and up to 8% for dog skeletal muscle. When φ is 
calculated over the entire length of the unit, no change in flux is found at all for 
both data sets. This is expected, since the net flux out of the entire unit is zero, 
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and the oxygen consumption matches the oxygen release. In fact this is an implicit 
test for errors in the calculation of the p 0 2 in the model sysyem. 
% 0.2 
—- Hot-0.20 
- - · - Het-0.25 
- · - Het-0.30 
- · - Het-0.35 
—-- Het-0.40 
--<•- Het-0.4S 
, 
—*— 
—·— 
—·— 
—*— 
-·— 
Het-
Het-
Het-
Het-
Het-
Het-
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
10 
Pel·] 
Figure 7.5: The effect of local motion on the EP for rat heart data (left panel) 
and dog skeletal muscle (right panel). On the horizontal axis the Péclet number is 
shown, and on the vertical axis AEP, the EP without local motion minus the EP 
with local motion. 
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Figure 7.6: Enhancement of oxygen flux along the capillary. On the horizontal axis 
the axial position is shown, and on the vertical axis the local flux ratio m is shown. 
The left panel is the optimum enhancement for a hematocrit of 20%, which is at 
Pe = 10.0. The right panel is the optimum for a hematocrit of 30%, which is at 
Pe = 6.8 . 
In figure 7.5 the effect of local motion is shown on the EP. For a fixed hematocrit, 
increasing Pe starting at zero increases the AEP, and thus the effect of local motion, 
up to a maximum value. Further increment of the Pe reduces the effect of motion, 
but there remains a positive effect, i.e. motion decreases the EP and consequently 
increases the tissue рОг. Local motion increases the рОг in the tissue without 
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altering the flux. An explanation for this can be found in figure 7.6, comparing two 
cases where the effect of motion is optimal. Especially for the Hct of 30%, it is 
clearly seen that the increase in flux through the capillary wall along the center of 
the unit is elevated, and the flux at the RBCs is diminished. Or, the oxygen is more 
equally distributed along the capillary. This creates a slightly more homogeneous 
oxygen distribution in the capillary, which decreases the effect of the particulate 
nature slightly. 
7.4 Conclusion 
Aroesty and Gross (1970) postulated that the effect of local plasma motion on the 
oxygen transfer from the capillaries into the tissue can be neglegted. However, Bos 
et al. (1996a) showed that their findings depended on the choice of their boundary 
conditions, and that for a proper estimate of the effect of local plasma mixing a 
model is needed that describes the important processes in the RBCs and the tissue. 
In the current model it is shown that, generally, the effect of motion is small for the 
two cases considered. The main reason is that the oxygen flux through the tissue 
- plasma interface is often small compared to the flux through the tissue - RBC 
interface. 
Although the overall oxygen flux through the capillary wall is not altered by 
local motion, the average рОг level is slightly higher, up to 0.15 kPa. This is caused 
by a more equal distribution of oxygen throughout the capillary, thus increasing the 
low pC"2 values between the RBCs and, to a small extent, decreasing the effect of 
the particulate nature of the blood. The effect of motion on the oxygen transport is 
small compared to the total effect of the particulate nature of blood and therefore 
might be neglected safely in most situations. 
Chapter 8 
The Effect of Separate Red Blood Cells on 
Capillary Tissue Oxygenation Calculated with a 
Numerical Model 
Bos, C., Hoofd, L., Oostendorp, T., IMA J. Math. Appi. Med. Biol, (in press) 
8.1 Introduction 
Modeling of local tissue oxygenation is primarily directed towards the oxygen transport 
from arterioles and capillaries to the tissue. Even if the model is confined to ca­
pillaries with adjacent tissue (Baxley and Heliums, 1983; Bos et al, 1995; Clark 
et al, 1985; Groebe, 1990, 1995; Hoofd et al., 1990; Tsai and Maglietta, 1992), 
the system is too complex to develop a complete model. The number of assump­
tions and simplifications commonly used is large (Kreuzer, 1982). One often used 
assumption is that of the distribution of oxygen in the blood is homogeneous. This 
assumption is often used in analytical models of tissue oxygenation, but it is known 
that it introduces an error in the calculation of oxygen distributions. The major 
advantage of this assumption is to cut down the computation time considerably. 
If an assumption of homogeneous distribution of oxygen in the capillaries is used, 
the error can be accounted for when a correction is applied for this assumption. 
Hoofd (1992) introduced the extraction pressure, EP, а рОг drop that quantifies 
the difference between the average рОг in the RBCs and the capillary p 0 2 as sensed 
at some distance from the capillary. The EP is explained in detail below. 
Several studies have investigated the effect of the particulate nature of blood on 
oxygen transport (Hoofd et ai, 1996; Bos et al, 1995; Groebe, 1990; Groebe and 
Thews, 1989; Tsai and Intaglietta, 1989; Federspiel, 1989; Federspiel and Popel, 
1986; Federspiel and Sarelius, 1984). Most of these studies were directed towards 
changes in fluxes to the tissue. However, flux changes are hard to translate into 
рОг changes. Therefore, models for calculation of the extraction pressure have been 
developed by calculating the рСЬ at locations distant from the capillary (Bos et 
al, 1995; Hoofd et al, 1996). These were analytical models for a rudimentary 
layout, yielding a relatively fast computation of the EP. From these models it was 
calculated for rat heart that the EP for an average capillary - tissue environment 
64 
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could have a value up to 3 kPa (23 mmHg), depending on the model geometry, 
hematocrit, and blood velocity. Various assumptions were made in the analytical 
solution. The major assumptions were: 
• The RBCs can be modeled as point-like sources; 
• The difference between oxygen diffusion coefficients in the capillary contents 
and the tissue is negligible. 
These simplifications, or even the approach itself, might induce an error in the 
calculation of EP. Therefore the outcomes have to be verified with a completely 
different model, which is not subject to the assumptions listed above. 
Therefore, we present a numerical model for calculating the EP that includes 
the RBCs, plasma, and tissue. To compare the two different models, they have to be 
sufficiently similar with respect to the model layout, which is a capillary surrounded 
by a tissue cylinder. The difference between the analytical and the numerical model 
lies inside the capillary. In the numerical model, the RBCs are cylinders and the 
oxygen transport parameters differ in the RBCs, the plasma, and the tissue. For 
the analytical solution a relatively long tissue cylinder was needed for the solution. 
For the numerical method a short cylinder suffices. A major assumption made in 
both the analytical and the numerical model is that the RBCs are evenly spaced. 
8.2 Model formulation 
The layout of the model is given in figure 8.1. A cylindrical layout is often used; 
this facilitates comparison of this model with previous models. Since this model is 
developed to calculate the EP, a single functional unit of length L and radius R 
will do. From other models (Bos et al., 1995; Groebe, 1990; Hoofd et al., 1996) it 
can be seen that the рСЬ profile consists of periodic patterns superimposed on top 
of a global gradient. This observation is also the basis for the choice of boundary 
conditions for the differential equations at the upstream and downstream side of the 
tissue cylinder. The functional unit consists of a half of an RBC at the upstream 
side and half of an RBC at the downstream side together with the plasma between 
two RBCs and an amount of tissue equal to that supported by a single RBC. The 
processes that are taken into account are: 
• kinetics oxygen release from oxyhemoglobin (ОгНЬ) inside the RBCs; 
• facilitated diffusion of oxygen inside the RBCs; 
• diffusional and convective transport of oxygen in the plasma; 
• oxygen diffusion and zero order consumption in the tissue. 
Full convection of plasma is considered between the successive RBCs. The 
plasma layer between the RBC and the capillary wall is neglected. This layer will 
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be small, since the RBCs will be folded and they will almost completely fill the 
capillary in the axial direction for a capillary radius of 2 4 μτη Furthermore, the 
inclusion of a plasma layer in the model will result in a lower рОг at the capillary 
wall and inside the tissue, but this will hardly influence the quantity of interest, the 
EP, (which is defined below), since this quantity depends on the average рСЬ inside 
the RBC The inclusion of the plasma layer would change the EP if it was based 
on the рОг at the capillary wall 
tCyrf^ plasma- ',7^".~~ R 
τ^^ϋ-
Figure 8 1 (a) An overview of the model of a tissue cylinder with a capillary in the 
center (b) The layout of the model left, half of the upstream RBC is shown and 
modeled, and right, half of the downstream RBC is shown and modeled 
All calculations are performed to calculate the EP, which is defined as 
Ε Ρ = PRBC - PHom (8 1) 
where PRBC IS the average рОг inside the RBC, and рнот is the рОг of a homo­
geneous fluid that would lead to the same tissue рОг at locations distant to the 
capillary Here, the cylinder radius R is chosen for the distant location, where the 
рОг is calculated according to the Krogh-Erlang formula 
where r
c
 is the capillary radius, ρ is the oxygen permeability, and M is the oxygen 
consumption 
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The system is solved for the cylindrical coordinates (r, φ, ζ); however because 
of the axial symmetry, the angle φ can be omitted. Therefore, the gradient and 
Laplace operators are, respectively, 
-(E) and V 2 = — + ~ + — 8.3 дг2 г or az1 
Convection inside the capillary is calculated for Stokes flow as in Bos et al. (1996a) 
and Aroesty and Gross (1970). Stokes flow is defined by the pair of equations: 
(V · v) = 0 
Vp= μν2ΰ (8-4) 
which are the equation of continuity and the equation of motion, where ν is the 
velocity vector, ρ is pressure, and μ is the viscosity. These are solved with a finite 
difference scheme according to Bos et al. (1996a). As a result the velocity com­
ponents, iv, the velocity in the radial direction, and υ
ζ
, the velocity in the axial 
direction, are calculated. Inside the RBCs only the axial velocity is taken into 
account, which is the velocity of the RBCs (VRBC)· 
Inside the plasma and the tissue the oxygen transport is described by 
^•+v-Vc=DV2c+M (8.5) 
where с is the oxygen concentration, t is time, ν is the velocity vector, D is the 
diffusion coefficient of oxygen in the respective medium, and M is the oxygen con­
sumption in the tissue. Inside the RBC, part of the oxygen is bound to hemoglobin, 
so that oxygen diffuses both in free form and when bound to hemoglobin. Therefore 
a coupled system of two equations is needed to describe the oxygen transport and 
its release, which is 
Í ff + ff-vc =DV*c + Be 
\ ff + « - V i =DHbV2s-g K " ' 
where В is the oxygen binding capacity, s is the oxygen saturation of hemoglobin, 
Dub is the diffusion coefficient of hemoglobin, and g reflects the oxygen unloading 
from the heme groups. In contrast to the oxygen consumption, the release of oxygen 
from hemoglobin is not a constant. In fact, the kinetics should be such that the 
sigmoidal shape of the equilibrium curve is preserved. Sharan et al. (1991) showed 
that the effect of the nonlinearity on the рОг in the axial direction is important. 
The exact kinetics are too complex to be given here, but the equilibrium will be 
approximated by the Hill equation (1910). This results in a relationship between 
the oxygen saturation of hemoglobin and p 0 2 , in the form 
. _ (Ρθ2/Ρ5ο)η ( 8 7 ) 
1 + (pOilpsoY 
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where рОг is the partial pressure of oxygen, p
s o
 is the partial pressure of oxygen at 
which 50 per cent of the hemoglobin is saturated, and η is the Hill constant. The 
Hill equation usually accurately describes p 0 2 at saturations above 10 per cent. A 
useful transformation of the Hill equation is to handle it as an equilibrium reaction 
of the one step binding of oxygen to a heme of hemoglobin, with one fixed reaction 
constant and one reaction constant that varies with the saturation (Moll, 1968/1969; 
Sheth and Heliums, 1980; Baxley and Heliums, 1983; Clark et ai, 1985, Bouwer, 
1987). Here we use a fixed dissociation constant and a variable association constant, 
resulting in an oxygen unloading 
ρ = kds i - ^ " / i · 
?50 
(8.8) 
where k¿ is the dissociation rate. This equation differs from the equation used by 
other authors, as explained in the appendix. Some other approaches are discussed 
by Sharan and Selvokumar (1992). 
8.3 Boundary conditions 
A major issue in solving partial differential equations is the choice and treatment of 
the boundary conditions. The outcome of the calculations can depend significantly 
on the choice of boundary conditions, which can be a problem if the influence of 
border effects becomes too large. Therefore, when only a small part of the capillary 
with its adjacent tissue is modeled, the boundary conditions have be to chosen 
carefully. 
The choice of the boundary condition at the tissue cylinder border ,r = R, is 
straightforward. At r = R, a constant radial flux is chosen as the boundary condition 
(Jr — constant). This is a common choice, and the flux is mostly chosen to equal 
zero (Jr = 0 @(r = R)). The reason for having a zero flux is that the tissue at a 
certain distance will be equally supported by two or more capillaries, and, hence, 
there is no transport through that point. If the tissue is considered to consist of 
stacked cylinders this boundary condition applies to the cylinder boundary r = R. 
At the upstream and downstream side of the model border, the choice of the 
boundary condition is more complicated. As stated above, from various models, it 
can be seen that the рОг profile along a capillary consists of a global рСЬ drop on 
which a sequence of peaks is superimposed. From Bos et al. (1995) the рСЬ can 
generally be written as ρ = Φ + F, where Φ is a 'background' field term, describing 
the global рСЬ gradient, and F is a sources term, which is the contribution of the 
individual RBCs. These two terms, Φ and F, are complex mathematical formulas; 
they are defined and explained by Bos et al. (1995), and they are further developed 
by Hoofd et al. (1996). 
The field term is nonlinear, but it is almost linear over one functional unit. If 
it is assumed to be linear, the field fluxes in the axial direction at the upstream 
and downstream sides of the unit match each other. As far as the source term 
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is concerned, the рОг gradient, and thus the oxygen flux, vary enormously in the 
axial direction. However, in the case of equally spaced RBCs, the gradient at the 
upstream side of the unit will be exactly the same as that at the downstream side 
because of its periodicity (Jz(z — —L/2) = Jz(z = L/2)). Since we are primarily 
interested in the effect of the particulate nature of blood on oxygen transport, the 
boundary condition for the source term is the most important term. Here we use 
a combined boundary condition for both the source and field term, which matches 
the gradients at the upstream and downstream sides. 
The boundary conditions for the plasma convection are the same as those used 
by Aroesty and Gross (1970) and by Bugliarello and Hsiao (1970): 
1. At capillary border: vT = 0 Λ vz = 0 (r = rc A \z\ < Az/2) 
2. At RBC - plasma interfaces: tv = 0 Л vz = цвс (г < r c Л \z\ = Δζ/2) 
The boundary conditions for the oxygen transport are mathematically defined as: 
3. Up- and downstream side: JzyiipyT) — Jz,downу } 
r) + Ap Pup{r) = Pdown{ 
Jr,cyl{z) = 0 
Jz,RBc(r) = Jz,pla
s
ma{r) 
Jr,RBc{z) = Jr,hssue(z) 
JT,plasma\Z) — Jrtt\ssue\Z J 
The numbers correspond to those in figure 8.2, which shows the locations of the 
boundary conditions. 
4. Tissue cylinder rim: 
5. RBC - plasma interface: 
6. RBC - tissue interface: 
7. Plasma - tissue interface: 
(Μ = Φ) 
{r<R) 
(r = R) 
(r < г
с
 Λ \z\ = Az/2) 
(r = r
c
 Λ \z\ > Az/2) 
(r = r
c
 Л \z\ < Az/2) 
(3) 
(6) 
(4) 
Tissue 
(7) 
(3) 
(6) 
(2) Ш" (3) RBC /5\ Plasma 
Δρ 
(5) R B G 0) 
Figure 8.2: Locations of the boundary conditions as listed in the text. 
8.4 Results 
The equations are numerically solved with the finite differences method. Both the 
accuracy and the computing time depend on the spacing of the grids. The highest 
density of grid points will be needed in the plasma between the RBCs. The spatial 
scale of the local variations in p 0 2 is the smallest of all. These variations can be 
influenced by local flow motion. From previous studies it appeared that having 11 
grid points in the radial direction (0 < r < r
c
) in the plasma gap between the 
two RBCs is the optimal grid spacing for calculating the flow motion in the plasma 
between the two RBCs (Aroesty and Gross, 1970; Bos et al., 1996a). 
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The grid for the calculation of the convection inside the plasma defines the 
minimal grid spacing. Further refinement of the grid spacing was based on the 
resulting EP, which had to be within 0.01 kPa of a significant finer grid spacing. 
Due to the nonlinear equations, iteration was performed until EP differed by less 
than a 0.005 kPa with a minimum of five iterations. Normally one or two iterations 
suffice, but when negative рОг values were obtained at the cylinder rim (r = R), 
up to about ten iterations were needed. Negative p 0 2 s are not realistic, but their 
appearance would imply inadequate oxygen supply from the capillary resulting in 
anoxic tissue regions. However, the parameters used in this paper did not result in 
negative рОг values. 
In this model, data for rat hearts are used. The capillary radius in rats can vary 
from 2.4 μτη to about 5 μτη. The calculation of the flow is based on the situation 
where no plasma layer exists between the RBCs and the capillary border, and the 
RBCs are considered to be cylindrical. Therefore, a small radius is needed, and 
it was set to 2.4 μτη in this model. The grid spacing in the radial direction is 
0.24 μτη. The grid spacing in the axial direction was 0.26 μτη, which is of the same 
order of magnitude, and it is convenient to generate model situations with capillary 
hematocrit values in the range 0.1 - 0.45. To calculate the hematocrit an RBC 
volume of 6lfL is used (Altmann et al., 1958). A commonly used radius for the 
Kroghian tissue cylinder in rat hearts is about 10 μτη (Turek et al., 1991), which is 
the value used in this model. These and additional parameter values are listed in 
table 8.1. 
In previous studies (Hoofd, 1992; Bos et al., 1995; Hoofd et al, 1996) the effect 
of separate oxygen sources on the tissue oxygenation compared to a homogeneous 
distribution of oxygen throughout the capillary is quantified with the extraction 
pressure (EP). The EP is the difference between the average RBC рОг and the 
рОг at the capillary border with a homogeneous distribution, while the pCbs far from 
the capillary border match (e.g., at г = R). It was also shown that Ε Ρ depends 
on the RBC spacing and the velocity of the RBCs. These two parameters appear 
in the Péclet number defined as Ρ e = (VRBC&-Z)I(2D), where Δ ζ is the distance 
between two successive RBCs. Since the capillary and the RBC radius are equal the 
capillary hematocrit can be calculated from the Δ ζ by 
H c t = - ^ £ = f L R B \ (8.9) 
VRBC + Vplasma LiRBC + Δ ζ 
where LRBC is the length of an RBC, and VRBC is the volume of an RBC. For a 
VRBC of 61 fL and an r
c
 of 2.4 μτnLRвc — 3.4 μτη. 
In fig. 8.3 one set of data is used to show the EP in two different ways. In fig. 
8.ЗА the EP is plotted as a function of Hct, showing the effect of RBC spacing. 
In fig. 8.3B the EP is depicted as a function of Pe, demonstrating the effect of 
the RBC velocity on the EP. The data were calculated for the situation where 
the рСЬ difference between the upstream and downstream sides matches the oxygen 
consumption of a tissue volume that is equal to the tissue volume that is supplied 
with oxygen by a single RBC. 
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Symbol 
Table 8.1: Parameters and variables used for calculation of Ε Ρ 
Value Units Reference 
В 
Онъ 
D 
EP 
F 
Het 
Jr 
J. 
L 
LRBC 
M 
R 
VRBC 
'plasme 
с, c 0 2 
к 
ki 
η 
Ρ 
p02 
Pc, 
р50 
РНот 
PRBC 
Ρ' 
τ 
Tc 
τ' 
s 
s02 
t 
t' 
V 
v' 
VRBC 
ζ 
ζ' 
Az 
Φ 
a 
fRBC 
μ 
9 
V 
V 2 
heme concentration 
Hb diffusion coefficient 
diffusion coefficient of 0 2 
extraction pressure 
source term 
hematocrit 
radial oxygen flux 
axial oxygen flux 
length of the unit 
length of an RBC 
consumption rate of 0 2 
tissue radius 
volume of an RBC 
, volume of plasma 
oxygen concentration 
association-reaction rate 
dissociation-reaction rate 
Hill coefficient 
pressure 
oxygen partial pressure 
equilibrium p 0 2 
half saturation Hb 
p 0 2 of homogeneous fluid 
average RBC p 0 2 
dimensionless p 0 2 
radial coordinate 
capillary radius 
dimensionless r 
oxygen saturation of Hb 
oxygen saturation of Hb 
time 
dimensionless t 
velocity vector 
dimensionless ν 
RBC velocity 
axial coordinate 
dimensionless ζ 
RBC spacing 
field term 
0 2 solubility 
0 2 solubility in RBC 
viscosity 
unloading of Hb 
gradient operator 
Laplace operator 
21.4 
1.44 10" 
1.6 IO" 9 
0.665 
10 
61 
44 
2.7 
4.93 
2.4 
0.017 
0.01 
molm 3 
1 1
 mts-1 
m
2
 s'
1 
kPa 
kPa 
-
molms'1 
molms~l 
m 
m 
molm~3s~1 
μτη 
fi 
ÍL 
molm'3 
fcPa-'s-1 
s-1 
-
kPa 
kPa 
kPa 
kPa 
kPa 
kPa 
-
m 
μτη 
-
-
-
s 
ms~
l 
-
ms'
1 
m 
-
m 
molm~3kPa~ 
molm~3kPa~ 
Pas 
s "
1 
(Clark et ai, 
(Clark et ai, 
(Dowd et ai, 
(Hoofd et al. 
(Turek et al., 
1985) 
1985) 
1991) 
, 1989) 
,1991) 
(Altman et al, 1958) 
(Clark et al., 
(Turek et al.. 
(Turek et al. 
(Turek et al. 
1
 (Clark et al. 
1
 (Clark et al. 
1985) 
,1991) 
, 1991) 
, 1991) 
, 1985) 
, 1985) 
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Figure 8.3: Calculated EP for rat heart data. Panels A and В contain the same 
data, but differently presented. Both panels show the EP on the vertical axis. 
Panel A has the hematocrit on the horizontal axis, and panel В the Péclet number 
(Pc, = vBBC^z)l(2D)). 
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Figure 8.4: The effect of local plasma movement on EP. AEP is the decrease of 
Ε Ρ caused by local plasma motion. Similarly to figure 8.3 , both panels contain the 
same data presented in a different way. Both panels show the EP on the vertical 
axis. Panel A has the hematocrit on the horizontal axis, and panel В the Péclet 
number [Pt = {vRBCAz)/(2D)). 
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In fig. 8.4 local plasma motion (i.e. the radial-velocity components) is accounted 
for. It has been shown that the local plasma might have some effect on oxygen 
transport from the capillary to the tissue (Bos et al., 1996a). However, estimates of 
this effect have been imprecise. Therefore, the effect of local plasma motion is shown 
in fig. 8.4. Figure 8.4 shows the difference between the EP with and without local 
plasma motion (AEP = AEP
no шо
иоп — AEPmotion)- It can be observed that local 
motion lowers the EP slightly, albeit an increase in the RBC velocity can decrease 
the effect of local motion on the EP. When AEP is plotted as a function of Pe, the 
position of the maximum depends on the hematocrit. This explains the complexity 
of figure 8.4A. 
8.5 Discussion 
The formulas and results can be presented in dimensionless form. Appropriate 
transformations are: 
v' = v/vRBC , 
z' = z/Az , 
r' = r/Az , (8.10) 
t' =t/(Az/vRBC), 
p' = р/(МД 2 /(4р)) , 
where v' is the dimensionless velocity, z' is the dimensionless axial coordinate, r' 
is the dimensionless radial coordinate, t' is the dimensionless time, and p' is the 
dimensionless p C v When these transformations are applied the Ε Ρ will also be 
dimensionless. However, what is really important is the choice (or definition) of a 
key parameter from which a problem or situation can be understood. This may not 
be dimensionless. A good example of such a parameter is the p^o of the oxygen -
hemoglobin saturation curve, which gives an insight into the рОг - зОг.нь relation, 
which would be ruined by a dimensionless quantity. Similarly the EP allows a 
physiological interpretation to be made more easily. Therefore, no transformations 
are applied in this study. 
In a previous study (Hoofd et al., 1996) the EP was calculated using a model η 
which the RBCs were point-like sources. It was shown that the EP depends on both 
the RBC spacing and on the RBC velocity. In both the previous and the current 
model direct comparison with other рОг drops is possible. EP is an increasing 
function of RBC spacing and a decreasing function of the RBC velocity. These 
effects of spacing and velocity are exactly as expected. A decrease of the spacing to 
zero, i.e. a capillary Hct of 100%, would lead to a situation similar to a homogeneous 
distribution of oxygen by filling the capillary with a Hb solution. This would lead 
to a low but nonzero value for EP, since gradients in the radial direction inside 
the capillary will still exist (they are not present in the homogeneous distribution). 
Although the EP is not calculated for Hct values above 45%, the figures do show 
that the EP tends to reach low values. 
In the case of an increase in the RBC velocity to infinity, the characteristic time 
for oxygen transport in the axial direction would approach zero. This implies that 
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the RBCs move too fast for their location to be determined on the 2-axis. In this 
case it would be impossible to distinguish between individual RBCs. Consequently, 
the oxygen source would resemble a line source and, hence, the EP would approach 
a low but nonzero value. The other limits for spacing and velocity are undefined. If 
the velocity did approach zero, the RBCs would be depleted of oxygen within a short 
distance, and in the current model this would lead to а рОг difference between the 
upstream and downstream side approaching infinity. For a spacing of infinity, the 
distribution of oxygen would be the same as that of the plasma, very homogeneous, 
but again it would be depleted very quickly. Therefore, within the physiological 
range, the EP is likely to be an increasing function of the RBC spacing. 
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Figure 8.5: EP calculated using the model of Hoofd et al. (1996), for the rat heart 
data used in the current model. EP is shown on the vertical axis, and the hematocrit 
on the horizontal axis. 
Figure 8.5 shows the EP calculated with the model of Hoofd et al. for parameters 
identical to those used in the current model. The major difference between the EP 
calculated from the current model and the previous model is the crossing-over point 
in the previous model. This phenomenon is likely to be induced by the choice and 
location of the boundary condition for the source contour. In the former model 
this was the 'RBC boundary' value of the рОг, here it is the average RBC value 
of the рСЬ· The higher is the source velocity, the more elongated and narrower is 
the source contour. At the crossing point the contours of successive sources start to 
overlap. The source contour is not equivalent to the physical boundary of the source, 
but it defines a volume equal in size to the RBC volume, with an equal value of рСЬ 
at its 'surface'. The elongation of the source contour is not confined to point-like 
sources. It will also be found for sources of other, more realistic, geometries, even 
if it is less pronounced because of their physical borders. The source contour of a 
RBC resembles its physical boundary, since the oxygen transport properties inside 
the RBC differ from those in the plasma and the tissue and they show flatter рОг 
gradients. 
The effect of local plasma motion has been neglected in several models. This 
practice followed a study of Aroesty and Gross (1970). Bos et al. (1996a) showed 
that there might be some influence of local plasma mixing, and that the impact 
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of this effect could not be estimated from the original model of Aroesty and Gross 
(1970). In this model the effect of local plasma motion on the Ε Ρ is shown for rat 
hearts. Since the EP indicates a p 0 2 level shift in the tissue, the effect of local 
plasma motion on the global p 0 2 level in the tissue can be estimated. With the 
current model and parameter values the effect is at most 0.16 кРа, which is small 
compared to the EP and the p 0 2 drop calculated with the Krogh formula (Krogh, 
1919). 
The role of myoglobin is neglected in the current model. Mb will have some effect 
on the EP (Bos et al., 1995). The effect of Mb depends on the p 0 2 in the tissue and 
it is negligible as long as the local tissue p 0 2 is 2 kPa or higher. Mb could not be 
incorporated in the model of Hoofd et al. (1996). The reason was that incorporating 
of Mb, with uptake, diffusion, and release of oxygen, would complicate both these 
models considerably, while its role near the capillary is probably insignificant. Since 
the current model was developed to compare it with the model of Hoofd et al. (1996) 
the role of Mb is neglected here too. Without Mb the exact choice of the p 0 2 value 
in the RBCs does not affect the outcome of the EP. Therefore, the calculated EP 
will be valid for that part of the capillary where the facilitation of oxygen diffusion 
by Mb is negligible. 
One of the factors that affects the EP is the concentration of lib in the RBCs. 
Although there will be Hb-facilitated diffusion of oxygen inside the RBCs, in this 
model the EP was found not to be sensitive to the diffusion coefficient of Hb. 
The particulate nature of blood cannot be neglected. The EP and the average 
tissue p 0 2 drop can be equivalent. Therefore, in models where the oxygen distri­
bution in the capillary is assumed to be homogeneous, an estimation of the effect 
of this particulate nature will be needed. This is possible by incorporating the EP 
as an extra artificial p 0 2 drop at the capillary border. The p 0 2 in the tissue will 
be lower than that estimated from homogeneous models. Depending on the tissue 
type, on the RBC velocity, and on the hematocrit, the lowest p 0 2 value in the tissue 
will be about 0.5 - 3 kPa lower than that estimated from the lib saturation at the 
venous side of the capillary, which is already lower than the lib saturation in the 
veins. The p 0 2 histograms of tissue oxygenation will shift to lower values, i.e. the 
p 0 2 is generally lower. 
8.6 Conclusion 
In previous studies the effect of the particulate nature of blood on the tissue oxy­
genation was estimated by the EP, a p 0 2 drop at the capillary border. The EP 
appeared to be significant. In these models the RBCs were considered to be point­
like sources. Since point-like sources are highly artificial, these results needed to be 
compared with a more detailed model in which the RBCs have a volume and more 
realistic shapes and boundaries. 
The current model calculates the EP for a more realistic layout and more realistic 
boundaries. The implementation of the solution is numerical instead of analytical. 
Nevertheless, the findings of previous models for the EP are globally confirmed with 
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the current model. 
An interesting by-product is the calculated effect of the local plasma motion. 
Aroesty and Gross (1970) stated that this effect would be negligible. Bos et al. 
(1996a) showed that the findings of Aroesty and Gross were primarily induced by 
their choice of boundary conditions, and that different, more realistic, boundary 
conditions could lead to findings at variance with theirs. The current model does 
not have the major limitations of these previous models, since it does model the 
RBCs and the tissue. Within the current model, the effect of local plasma motion 
is not affected by the choice of boundary conditions. Here the effect of motion is 
small compared to the EP and the p 0 2 drop within the tissue. 
Appendix 
The variable ρ expresses the net reaction rate of hemoglobin with oxygen per total 
amount of hemoglobin: 
ρ = kds - ka(l - s)p02 (8.11) 
where k¿ and ka are the dissociation and association reaction rates of the symbolic 
reaction 0 2 i / 6 ^ Hb + 0 2 and where, conforming to the chemical evidence, it is 
assumed that the basic reaction steps are of one molecule of 0 2 binding to the free 
heme in the hemoglobin and of the oxy-heme complex releasing one 0 2 molecule. 
The occupied heme fraction is л so the free heme fraction is (1 — s). The rates k¿, 
ka depend on the amount of 0 2 already bound by the hemoglobin, which may be 
expressed through a dependency on s, where the quotient k¿/ka follows from the 
oxygen dissociation curve (Moll, 1968/69). So, when one of these rates is known, 
the other can be estimated from the Hill equation. Moll assumed a constant ka in 
his calculations, but it seems more appropriate to assume that k¿ is constant; at 
least, it is much less variable over the entire saturation curve than ka is (Bouwer, 
1987); that is 
k¿ is constant and ._
 19< 
ka depends on s 
Here, the rate ρ is nonzero because there is no equilibrium between p 0 2 and s. 
For an equilibrium situation, the corresponding oxygen pressure, p
eq, follows from 
inversion of the Hill equation, since 
Pe, = Pso ( 7-3-J , (8.13) 
and for this p
cq the net reaction is zero, 
0 = kds - ka(l - s)peq ; (8.14) 
consequently, 
Effect of the particulate nature of blood 77 
'-{-SG-r}· 
Note that this equation is not correct for low values of s (g —> 0 for s —• 0) because 
the Hill equation is not valid in this range; this, however, is not a physiological situ­
ation, since oxygen delivery to tissue will be severely impaired for a low saturation 
value of the capillary blood. Here, p
eq is always above 4 кРа, which is high enough 
for this equation to be used. 
A second remark has to be made. In the literature reference is sometimes made 
to the derivation by Clark et al. (1985) for an s-dependent value of g. Written in 
the terminology used here, these authors derived: 
—(-Ob *' 1 - Г 7 7 - 0 » (8·17) 
on the basis of a dissociation reaction that is proportional to the concentration 
of oxyhemoglobin in the Hill scheme. This starts from the original Hill equation, 
however, which was based on the assumption that several Oi molecules react with 
an aggregation hemoglobin (Hill, 1910): 
НЬ
п
 + п02^НЬп02п (8.18) 
and, consequently, the dissociation is of the aggregated oxyhemoglobin molecules 
and the association is proportional to (cC>2)n i.e. pOin. The Hill equation must be 
considered to be an empirical equation which is not based on a realistic chemical-
reaction scheme so that its use is limited to the equilibrium relation between рСЬ 
and 5. Additional information is needed for the reaction rates as is pointed out 
above. 
Chapter 9 
Fast Approximation of the Average Capillary рОг 
as a Correction to the Krogh-Kety Model 
9.1 Introduction 
The assumption of a homogeneous oxygen distribution in blood, neglects the fact 
that there are separate red blood cells (RBCs). This assumption results in an 
overestimation of the partial oxygen pressure (рОг) in the tissue. There have been 
several reports that show the effect of the particulate nature of blood on the рОг 
in the tissue (Groebe and Thews, 1989; Heliums, 1977; Federspiel and Popel, 1986). 
However, those models are too complex to be applied to systems with more than a 
very limited number of capillaries (1 - 10). Flow heterogeneities are important for 
tissue oxygenation on a large scale. Therefore, the assumption of a homogeneous 
oxygen distribution in blood is still used to develop simplified models. 
To correct for this assumption, the extraction pressure (EP) was introduced 
(Hoofd, 1992). It is an artificial pC>2 difference to be subtracted from the рСЬ at 
the capillary border when blood is assumed to be homogeneous with respect to 
oxygen distribution. In this study we will present an approximation of the EP to 
facilitate the use of this quantity in models of large tissue volumes. To calculate 
the EP, the p 0 2 based on a heterogeneous model is compared with the рОг based 
on Krogh's model. The heterogeneous model is solved numerically. The EP values 
calculated with this model will be used to find a fast and relatively simple formula 
to approximate the Ε Ρ from the Krogh cylinder radius (R), the capillary radius 
(r
c
), the spacing of the RBCs (Az), and the velocity of the RBCs (VRBC)-
There is a complicating factor for the approximation of the EP, and that is the 
facilitation of oxygen diffusion by myoglobin. First, the algorithm will be given for 
a system without facilitation. Later, it will be shown that the same algorithm can 
be used as a basis for the approximation of the EP in the presence of myoglobin. 
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9.2 Method 
The Krogh model is based on steady-state diffusion of oxygen with zero-order oxygen 
consumption: 
pV2p=M, (9.1) 
where ρ is the partial oxygen pressure, ρ is the oxygen permeability constant, V 2 
is the Laplace operator, and M is the oxygen consumption. The oxygen diffuses 
from the capillary wall into the tissue. At the cylinder border the flux is zero, i.e. 
the net diffusion of oxygen is zero. The pC>2 at the capillary wall depends on the 
contents of the capillary, which is assumed here to be homogeneous with regard to 
oxygen distribution. The capillary fluid is often modeled as a hemoglobin solution, 
well mixed, in the radial direction 
In the numerical model the tissue is modeled in a way similar to the Krogh 
model, albeit that axial diffusion is also taken into account. The main difference 
lies inside the capillary, since the numerical model accounts for separate individual 
RBCs. As a result of this, рСЬ peaks close to the RBCs, and the average capillary 
rim рОг will be lower than the p 0 2 peaks of the RBCs. Therefore, when the pC^ 
at the cylinder rim is calculated, lower values are obtained for the same average 
hemoglobin saturation. 
From previous analytical models (Bos et al., 1995; Hoofd et al., 1996) it appeared 
that the EP is primarily determined by the tissue radius (R), the capillary radius 
r
c
, the hematocrit (Hct), and the RBC velocity (VRBC)· In both models the EP 
was calculated from dimensionless terms, using in principle dimensionless combina­
tions of these parameters. Therefore, the EP is fitted in dimensionless form from 
dimensionless parameters, with the exception, in one instance, where R is used. The 
following transformations are applied: 
Í ЕРг = jfaEP 
* i = -
(9.2) 
Vl =
 D 
AZVHBC 
where EP\ is the dimensionless EP, z\, z2, and Ri dimensionless distance quotients, 
and vi represents the velocity in a dimensionless way. Although an equation des­
cribing the EP is likely to contain a Bessel function, because of the use of partial 
differential equations with cylindrical coordinates, a simple equation was sought to 
fit to the numerical data. 
It appeared that the EP could be described quite well by: 
п2 _L *\1 
ЕР,(
 і
) = .±±^ + а3, (9.3) 
where a,\, аг, and 03 are constants to be determined by a nonlinear fit for com­
binations of R, r
c
, and Az. The final equation used to describe a fit of the EP 
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E Pi = . uî,U^j..,a + ( α 4 + ° 5 1 η ( Α ) ) ζ ι - α6Αι + «7 , (9.4) 
where α„ are constants to be found from the data. Again, these constants are related 
in a nonlinear way and therefore a non-linear fit method has to be used. The reason 
for using squares of values of αϊ, аг, and аз is to determine the sign of the constant 
beforehand, resulting in a more robust equation for the nonlinear fit. 
Following Hoofd (1987), the diffusion of oxygen in the presence of myoglobin can 
be described by an oxygen transport driving force (p*): 
I P" = Ρ + PF,Mbs02,Mb PF.Mb = Do2Mb(cMb + со2Мъ)ІР , (9.5) 
where рр,мъ is the facilitation pressure, sÛ2,Mb the oxygen saturation of myoglobin, 
DozMb the diffusion coefficient of oxymyoglobin, смь the concentration of deoxymyo-
globin, со2мь the concentration of oxymyoglobin, and ръо,мь the рОг at which half 
of the myoglobin is bound to oxygen. This can be used assuming a constant value 
for the sum of смъ and со2мь, and fast reaction rates, so that equilibrium can be 
maintained at all times. From p* an alternative EP" can be calculated, which is, 
contrary to EP, independent of the capillary oxygen рСЬ in the presence of myoglo­
bin, unless anoxic regions exist. When p* is used, the equations for calculating p* 
with the Krogh-model are identical to the equations for ρ without myoglobin. The 
EP can than be approximated from the following equations: 
EP = PRBC - PHom 
EP" =Рквс-Рнош (9.6) 
It can be shown that ρ can be calculated from p* by 
2p = —pt\Mb — Pso,Mb + p* + γ4ρ50,Μ6Ρ* + {-PF.Mb - P50.M6 + P*)2 (9.7) 
By transforming PRBC to PRBC the influence of myoglobin on the рОг inside the 
RBCs is neglected. The procedure to calculate the EP in the presence of myoglobin 
is as follows: 
• <?i = Co — EP, with EP taken from equations 9.2 and 9.4, and q0 as a starting 
value for PRBC high enough to neglect effects of myoglobin (e.g. 10 kPa). 
• EP' =
 9o* - ql 
• Рнот = PRBC ~ E P ' -
• EP = PRBC - PH* iOTTL·· 
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9.3 Results 
The data that are used for fitting are for rat heart. The data for the fit points are 
generated for a hematocrit range from 20% to 45%, a RBC velocity from O.lmmfs 
to 5rnm/s, a capillary radius from 2.3 μτη to 3.0 μτη, and a tissue radius from 
6.0 μτη to 12.0 /ira. This also defines the range over which the fit will be valid. 
A generally robust method for nonlinear least squares is the Levenberg-Marquardt 
algorithm (Press et al., 1992). This algorithm is used in the software package of 
Mathematica (Wolfram, 1991) employed here. The goodness of the fit is measured 
by the quantity χ2 — J2^L\ \f\ — ƒ, |, where Ft is the value of the ith data point, ƒ, is 
the value obtained from the fit, and І the number of data points. 
Table 9.1: Fitted constants for the equation describing the Ε Ρ for rat heart data, 
parameter value 
a, 3.86155 
a 2 5.96029 
a 3 0.877627 
a 4 1.47012 
a 5 0.142211 
Q6 0.106891 
a7 0.206794 
The fitted constants are listed in table 9.1. The error distribution to all 960 
points is shown in figure 9.1, where the left panel shows the absolute error and the 
right panel the error relative to EP\. The two panels are very much alike. This 
indicates that the small absolute errors and the small relative errors are in the same 
range as the value of data points. The corresponding χ 2 is 5.1 (N = 960), while EP\ 
is in the range of 0.5 to 3. It appeared from the individual errors that the largest 
deviations where found for the high velocities, especially at a hematocrit value of 
20% and 45%. 
9.4 Discussion 
The major parameters determining the EP\ are VRBC, ΔΖ, r
c
, and R. The fast ap­
proximation of the E Pi presented here, also depends on these parameters. The most 
important of these parameters are the RBC velocity and spacing, while the least 
important factor is the radius of the tissue cylinder. Furthermore, the dependence 
of the EP\ on the V\ can be accurately described, resulting in a quantity that does 
not depend on V\. Apparently, the dependence of the EP\ on these parameters can 
be divided into two different groups. The first is a ratio of the characteristic times of 
diffusion and convection in the axial direction, and the other is the system geometry. 
The characteristic distances determine the relative separateness. The velocity of the 
RBCs reduces this effect by leveling out the p 0 2 throughout the capillary. 
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Figure 9.1: Error distribution for the fitted parameters in eq. (9.4). The left panel 
shows the error in E Pi and the right panel the relative error in EP\. 
The approximation of EP\ presented in equation 9.4, is an easy-to-use formulato 
correct for the assumption of a homogeneous oxygen distribution. As shown in figure 
9.1 the approximation is not always accurate within 5%, hwoever,the application of 
the fast correction is a step forward in those models that assume a homogeneous 
oxygen distribution. The parameter ranges over which the formula is fitted cover 
the physiological range very well. 
The capillary radius varies from 2.3 μτη to 3.0 μτη. A smaller capillary radius 
is not relevant, while for a larger radius additional effects will influence the oxygen 
transport, e.g. the shape of the RBCs (Wang and Popel, 1993). The tissue radius 
varies from 6 μτη to 12 μτη. A smaller tissue radius reflects a case where the EP 
is not likely to be important, since all diffusion distances are short, and therefore it 
is likely that a high рОг is maintained throughout the capillary. Larger values of 
the tissue radius can be assumed to have EP\ values comparable those found for a 
radius of 12 μτη. 
The hematocrit values used for the fit of the parameters range from .20 to .45. 
Higher values of the hematocrit will have low EP\ values, and since the EP\ at a 
hematocrit of 45% is very low, that value can be used as an estimate of a worst case 
for hematocrit values of more than 45%. At the other end of the range, the EP\ 
cannot be estimated from the 20% value, since at these values the EP\ increases 
strongly with increasing RBC spacing. Lower hematocrit values are likely to result 
in higher values for the EP\. This remains to be investigated, since the computer 
limitations inhibited accurate computations of EP at such low hematocrit values. 
At these hematocrit values the oxygen supply will be small and lead to low рОг 
values. 
The smallest value of the RBC velocity used here is 0.1 mm/.s, which is suffi­
ciently low to be used for all lower velocities down to 0. The highest velocity used 
is 5 mm/s, which is towards the high end of the RBC velocity range in capillaries. 
Since EP is quite low at these velocities, and EP will decrease further at even higher 
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velocities, the values of EP found for 5 mm/s can be used as a worst case scenario 
for the velocities above this value. Higher velocities are likely to result in lower EP\ 
values than those found at 5 mm/s. 
Previous analytical models (Bos et al. 1995; Hoofd et al, 1996) also resulted 
in formulas that could be used to get a quick estimate of the EP. Their advantage 
is that they can be used for different types of muscles and geometries without a 
new fit. Their disadvantages are that they are less accurate and are either for a 
time-independent situation (Bos et ai, 1995), neglecting the effect of RBC velocity, 
or have an unrealistic crossing-over point (Hoofd et al, 1996) and are not directly 
related to the average рОг in the RBCs. 
9.5 Conclusion 
The EP, as a correction factor for the assumption of a homogeneous oxygen distri­
bution in the capillaries, can be an important factor in modeling tissue oxygenation. 
The first, semi-analytical, models (Bos et al, 1995; Hoofd et al 1996) to calculate 
the EP were relatively easy to use and fast in calculating the EP. From the numeri­
cal model it appeared that these analytical models showed correct effects of system 
parameters on the EP, but that the error in approximation of the EP could be 
significant. The fit presented here is even more convenient to use than the analyti­
cal models, and is also more accurate in predicting the EP values found with the 
numerical model. 
Chapter 10 
Conclusion 
10.1 Introduction 
The modeling of tissue oxygenation around capillaries is too complex to cover large 
tissue volumes that are needed for description of large-scale heterogeneities. How­
ever, modeling can be done for some local mechanisms that could be important for 
the p 0 2 level in the tissue. 
An important factor is the effect of the separateness of the RBCs on the oxygen 
transport from the capillary into the tissue. When the blood is assumed to be a 
homogeneous fluid with regard to the oxygen transport, the error introduced by this 
assumption can be accounted for in terms of a factor, EP, which can be imagined as 
an artificial p 0 2 drop between the capillary and the tissue, located at the capillary 
- tissue interface. Simulations are possible in which the EP can easily reach 3 kPa, 
in the same range as the p 0 2 drop found in the tissue, e.g. the p 0 2 difference in the 
Krogh cylinder between the capillary border, г = r
c
, and the tissue cylinder border, 
r = R. 
The effect of local motion appears to be mostly small. This was already con­
cluded by Aroesty and Gross (1970). However, their choice of boundary conditions 
obscured a possible effect of the local motion. An extension of their model incor­
porating more realistic p 0 2 gradients at the system boundaries, showed that there 
might be a significant effect of the local motion on the oxygen flux from the plasma 
into the tissue (Bos et al., 1995). In a more complete model that also takes into 
account processes inside the capillary and a larger volume of tissue, the average p 0 2 
in the tissue is affected by plasma motion, although the increase of flux from the 
plasma to the tissue is compensated by a decrease of flux from the RBCs to the 
tissue. This is caused by a better, more even, oxygen distribution throughout the 
capillary. 
10.2 Physiological implication 
In the models presented here, the end-capillary p 0 2 plays an important role. Espe­
cially in the presence of myoglobin, the end-capillary p 0 2 is more important as an 
estimate of the average tissue p 0 2 than the p 0 2 at the entrance of the capillary, 
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since the global ρ 0 2 in the tissue alongside a capillary follows the saturation curve 
of hemoglobin, and myoglobin flattens the p 0 2 profiles at the low p 0 2 values away 
from the capillaries. The volume of tissue with relatively low p 0 2 s will be larger 
than that with high p 0 2 values, and the average tissue p 0 2 will decrease as the tis­
sue volume per capillary grows. However, there is no such thing as 'an' end-capillary 
p 0 2 . The p 0 2 of venous blood is a better single-value quantity, which depends on 
the p 0 2 values at the end of various capillaries. For an average capillary in working 
rat heart, the lowest p 0 2 value in the tissue can be 6 kPa lower than that of venous 
blood. So, using the venous p 0 2 as an indication of the tissue oxygenation should 
be done carefully. In normal working rat heart the use of EP in the models will 
result in a lower tissue p 0 2 , by about 0.5 kPa. For low hematocrit values this p 0 2 
shift can be significantly larger. So, when the tissue oxygenation status is estimated 
from the venous blood, the p 0 2 is likely to be overestimated in situations of low 
hematocrit. 
The two major parameters for the EP are the hematocrit and the RBC velo­
city. Both of these parameters are altered by hemodilution. When hemodilution 
is applied, the systemic hematocrit is lowered. It is not clear to what extent this 
intervention affects the capillary hematocrit. However, the capillary hematocrit is 
generally lower than the systemic hematocrit. Therefore we can assume that the 
capillary hematocrit will also be decreased, here to about 10%. At such hematocrit 
values the EP is extremely high, which means that the oxygen transport to the tis­
sue will be worse than that which would normally be concluded from the capillary 
p 0 2 . Lowering the hematocrit will increase the EP and decrease the time in which 
the RBCs are depleted. However, hemodilution is a technique applied clinically to 
minimize supplement of blood or blood substitutes. 
The other parameter that influences the effect of the separateness of RBCs is 
the RBC velocity. An increase of velocity will result in a decreased EP, which 
will be observed as an improved oxygen transport to the tissue. Moreover, the end-
capillary p 0 2 will also increase. Since the RBC velocity is increased on hemodilution, 
this effect will counteract the effect of increased spacing. From the figures and 
relationships found for the EP, spacing, and RBC velocity, it appears that the 
spacing effect is more important than the velocity effect. To maintain the p 0 2 in 
the tissue, the increase of RBC velocity has to be larger than based on an equal 
oxygen supply by the blood. 
The research has been directed to oxygen release from capillaries. The same 
mechanisms will be present in oxygen uptake in the lung. However, their importance 
and effects can be totally different, since the 'tissue radius' is almost zero. With such 
a small radius, the EP is no longer applicable. The parameters that are important 
for the EP, velocity and hematocrit, can still play an important role in the lung, 
but in a different way. 
An effect similar to that of the velocity on the EP can be achieved by blood 
substitutes dissolved in the plasma. In principal this holds also for free unmodi­
fied hemoglobin, but that is not feasible because of its toxic effect on the kidneys. 
However, there are several blood substitutes with a comparable effect on the oxy-
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genation, but without such a toxic effect. Addition of blood substitutes will elevate 
the рОг in the plasma and effectuate a more homogeneous distribution of the oxygen 
throughout the capillary. 
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Figure 10.1: pCh distributions for rat heart data as used by Hoofd et α/.(1990). The 
upper left panel is without EP, the other panels show cases with EP calculated 
from the approximation equations as presented in the previous chapter. The bars 
indicate the frequency of a pCh range (left axis) and the line indicates the summed 
frequencies (right axis). The arrows at the top of each panel show the skewness 
(upper) and the standard deviation (lower). The upper right panel is a normal case 
with VRBC = 1 mm/s, and Hct = 0.40. 
10.3 The use of EP in large scale models 
When the EP is used in models that consider a large number of capillaries, every 
capillary can have a different EP, depending on its blood flow, hematocrit, radius 
and Krogh cylinder radius. In some models the capillaries are embedded in cylinders. 
For more realistic models other regular geometries or even irregular geometries are 
used. In those models, the Krogh cylinder radius can often be calculated from the 
Conclusion 87 
supply areas. When the EP is used in a multi-Krogh cylinder model (Turek et al, 
1989), one must bear in mind that the no-flux boundaries will shift when different 
EP values are used for the different capillaries. If two adjacent capillaries have the 
same рОг in the capillary at a cross section, the capillary with a small EP value 
will support a larger area than the capillary with a large EP value. In case of 
unidirectional blood flow in the capillaries, the рОг in the '\ow-EP' capillary will 
decrease faster, and consequently its support area will also decrease. Normally, the 
spacing of the RBCs varies within a capillary. Therefore the 'local EP'' will vary 
too. It increases at locations where the number of RBCs decreases, thus amplifying 
the effect of the heterogeneity of the RBC distribution in a capillary. 
Models of large tissue volumes are used to calculate the рОг distribution in a 
tissue. This is normally presented in histograms which indicate percentages of tissue 
pC"2 ranges. An increase of the EP is likely to increase the amount of tissue with 
low pC^s and shift the histogram values to the low p 0 2 range. To get an impression 
of this effect, the model of Hoofd (Hoofd et a/., 1990; Hoofd, 1995a; Hoofd, 1995b) 
is used. The results of the calculations are shown in fig. 10.1. The Ε Ρ is ignored 
in one instance, and based on calculations from the previous chapter in the other. 
The RBC velocity is varied to obtain different EP values, while the total oxygen 
supply is kept constant by altering the hematocrit accordingly. From the top panels 
it can be seen that the introduction of a small EP shifts the рСЬ histogram to the 
left, i.e. the p 0 2 distribution is primarily altered in the mean value. Large EP 
values not only alter the mean value, but also the skewness. In the lower panels the 
product of RBC velocity and hematocrit is identical to that in the upper panels, 
resulting in an identical oxygen delivery. The most important lesson that can be 
learnt from this figure is that a constant oxygen supply is insufficient when the 
hematocrit approaches low values, thus resulting in tissue areas with oxygen debt. 
10.4 Conclusion 
Local effects on the tissue oxygenation can be incorporated in models of large tissue 
volumes. It is possible to determine an easy-to-use algorithm that accounts for the 
separatcness of the RBCs, and which can be used as a correction in models of large 
tissue volumes that assume a homogeneous oxygen distribution in the capillaries. 
These combined models can be used to calculate oxygen distribution histograms for 
the tissue. 
Although it is possible to make a rough estimation of the EP based on the 
analytical models, it is preferable to use an approximation based on a numerical 
model. The errors in the analytical models can be several times larger than those of 
the numerical model, and are probably introduced by the differences in the boundary 
conditions of the models. However, if no numerical fit is available, it is preferable 
to use an analytic estimate instead of neglecting the EP completely. 
Summary 
Oxygen is an important factor for life. It is transported from the environment to 
the cells, where it is utilized in the mitochondria. In some animals it is transported 
by blood from either the lungs or gills to the cells. Modeling of the transport of 
oxygen from blood into the tissue has been the subject of scientific research since 
the work of A. Krogh (1919). However, until today this subject was too complex 
to model as a whole. Therefore numerous simplifications and assumptions were 
made, and different approaches to solve this problem were developed. The choice of 
these depends on the issue considered. When the model is confined to small units 
complex methods can be used. For large tissue volume, however, relatively simple 
solutions have to be used. Even nowadays computer power is a limiting factor. 
Apart from that, if too many processes and parameters are involved, the model 
might lead to good predicting values, but it would still be impossible to understand 
the mechanisms. Important complicating factors are the presence of myoglobin in 
muscle tissue and the various kinds of heterogeneities in tissue 
If models of tissue oxygenation are divided into two categories, one describing 
small units and one describing large units, the models presented in this thesis belong 
to the first category, but with the intention to use their results in the models of the 
second category. Two major assumptions that are still used in models of large tissue 
volumes are: 
• The assumption of a homogeneous distribution of oxygen in the capillary 
blood. 
• The assumption that the effect of red blood cell velocity (VRBC) i s negligible. 
These two assumptions play an important role in this thesis. The red blood cell 
velocity and the hematocrit are two important parameters with respect to the tissue 
oxygenation. The product of these two determines to a great extent the oxygen 
supply. In this thesis it is shown that the relation between the tissue рСЬ and the 
product of hematocrit and velocity is far more complex than expected. An identical 
product of these parameters does not result in the same tissue рОг, even though the 
oxygen supply is constant. 
The coupling of the models is enhanced by the fact that the small scale effects are 
expressed in a single value quantity, referred to as the extraction pressure (EP). The 
EP quantifies the difference in average capillary рСЬ for both a complex model and 
a simplified model. The complex models used take into account the intracapillary 
situation, while the simplified model assumes a homogeneous рОг distribution. 
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The first problem tackled is the effect of the particulate nature of blood on the 
tissue oxygenation. Starting with a model where RBCs are modeled as point-like 
sources it is shown that the particulate nature of blood can lead to significantly lower 
рОг values in the tissue than one would estimate from models with a homogeneous 
рОг distribution in the blood. One model neglects the effect of velocities (Bos et ai, 
1995). However it can also be used for muscle tissue that contains myoglobin. To 
overcome the problem of velocity, an extended model is introduced, which cannot 
be used in the presence of myoglobin, but clearly shows that the effect of velocity 
cannot be neglected without further study (Hoofd et al., 1996). The consequences of 
this model are also discussed by Bos et al. (1996b). It appears from these two models 
that the EP is constant along the capillary, provided there is an even distribution 
of the RBCs. It is also shown that the effect of myoglobin hardly influences this 
finding. These two models are both semi-analytical solutions and lead to relatively 
fast algorithms for calculating the EP. However, they differ too much from each 
other to be the basis of a quantitative determination of the EP. This explains why 
this problem is also addressed by means of a numerical model in chapter 8. 
In this numerical model the findings of the semi-analytical models are confirmed 
globally. The velocity dependence is comparable to that found with the point­
like sources model, although the crossing point does not appear in the numerical 
model. The findings, that an increase of source spacing increases the EP and that 
an increase of velocity decreases the EP, remain. The effect of source spacing and 
source velocity on the EP are not straightforward. From calculations with this 
model it can be derived that the effect of spacing is of more importance than the 
effect of velocity. For rat heart data the effect of the particulate nature on the 
average tissue рОг is that the рСЬ can be lowered by 0.5 to 3 kPa. This numerical 
model is also used for the development of an approximation algorithm, which is 
presented in chapter 9. Furthermore, this model also incorporates the local plasma 
mixing. 
Aroesty and Gross were the first to combine models of plasma mixing to the 
oxygen transport. The model they used is thoroughly investigated in chapter 6. 
They used oversimplified boundary conditions for the рОг, which can lead to an 
underestimation of the effect of plasma mixing on the oxygen transport from the 
RBC into the tissue. Since current models show large p 0 2 gradients along the RBC 
and capillary border, this should also be considered as a boundary condition for the 
investigation of the plasma mixing. In chapter 6 it is shown that this effect can be 
significant in some cases and that a reliable investigation of this effect should utilize 
a model that incorporates at least some tissue, but preferably also the RBCs. 
This finding leads to the development of models as used in chapters 7 and 8. The 
geometry of these models is based on the observation that the рОг gradients show 
a repeating pattern. This knowledge enables the introduction of a small unit. The 
model involves processes in the RBC, plasma, and tissue. The influence of mixing 
on local oxygen fluxes along the different boundaries is complex. A small change 
in flux can occur at a location of high flux, while a large change can be located 
at a small gradient. Thus, the small change can be of more importance than the 
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large change. It is shown that plasma mixing is of minor importance compared to 
the effect of the particulate nature of blood. Still, it can elevate the рОг by 0.15 
кРа. This is not caused by an increased flux through the capillary wall, since the 
total flux through the capillary wall is not altered by mixing. The reason for this 
increase of tissue pCh is a more homogeneous distribution of local рОг gradients at 
the capillary border. 
Numerical models consume a lot of computer power and are therefore restricted 
to relatively small models. The numerical models presented here are too complex to 
be incorporated in models of large tissue volumes. Since these numerical models can 
be summarized in a single value, the EP, the EP calculated with these models can 
be approximated by simplified formulas. Therefore an approximation is derived that 
depends on hematocrit, RBC velocity, capillary radius, and Krogh cylinder radius. 
The deviation of the approximated values of EP with the numerically calculated 
values of EP remains small. The final algorithm can easily be incorporated in 
models that assume a homogeneous рОг distribution in the capillary. 
Finally, some physiological implications of the effects found in this thesis are 
emphasized. Especially the effect of hemodilution is an interesting subject. From 
the models it is clear that compensation of hemodilution by increasing the blood 
flow will have to be more than proportional. If the oxygen delivery remains constant 
and the hematocrit is lowered, large regions of tissue appear that have an oxygen 
debt. This is shown by coupling the approximation of the EP to a model of large 
rat heart volume. 
Samenvatting 
Veel dieren verkrijgen energie door de verbranding van suikers en vetten In zoog 
dieren wordt de hiervoor benodigde zuurstof in de longen uit de lucht gehaald, dan 
vervoerd via het bloed naar de cellen en in de cellen verbruikt in de mitochondnen 
In dit proefschrift wordt maar een klein gedeelte van het hele proces van zuurstof-
transport bekeken Het accent ligt op de kleinste bloedvaatjes, de haarvaatjes of 
ook wel capillairen genoemd, en het omringende weefsel 
De methode die in dit onderzoek gebruikt is bij het bestuderen van het zuur 
stoftransport, is het maken van wiskundige modellen om daarmee situaties na te 
bootsen Veel processen kunnen door middel van wiskundige vergelijkingen worden 
weergegeven In sommige gevallen kunnen deze vergelijkingen opgelost worden voor 
en toegepast op specifieke situaties Op deze manier kan dan meer inzicht verkregen 
worden in een bepaald proces of modelsysteem of kunnen er voorspellingen gedaan 
worden of kan het proces beheerst worden 
Er zijn verschillende modellen in omloop voor het zuurstoftransport naar weef 
sels Het oudste en meest bekende model is dat van Krogh Dit model gaat uit van 
een cirkelvormige dwarsdoorsnede van een spier met in het midden een capillair 
Alleen de zuurstofconsumptie en de diffusie van zuurstof van de capillairwand naar 
de diverse plaatsen in het weefsel worden gemodelleerd 
Een uitbreiding van dit model is door Kety gerealiseerd Hij voegde een derde 
dimensie aan het model toe door een weefselcilmder te modelleren met in het cen-
trum van de cilinder een capillair Hij verwaarloosde de zuurstofdiffusie in de axiale 
richting, d w z evenwijdig aan het capillair, en veronderstelde een evenredig zuur-
stofverbruik in ieder stuk van de weefselcilmder, zo gepaalde hij het verloop in de 
zuurstofsaturatie van de hemoglobine in het capillair, en daarmee de partiele zuur-
stofdruk 
Zuurstof wordt voornamelijk getransporteerd met het hemoglobine, een zuurstof 
bindend eiwit dat het bloed zijn rode kleur geeft Om het bloed voldoende vloeibaar 
te houden zit vrijwel al het hemoglobine in pakketjes de rode bloedcellen Daarnaast 
is een klein gedeelte van het zuurstof opgelost in het bloedplasma, een waterige 
substantie 
In de eerste modellen en in modellen die grote weefselvolumes en grote aantallen 
capillairen beschrijven, wordt verondersteld dat de zuurstof homogeen verdeeld is 
over het capillair Dit kan voorgesteld worden als vrij hemoglobine in plaats van 
rode bloedcellen Dit vereenvoudigt het reken- en modelwerk aanzienlijk Er kleeft 
echter ook een nadeel aan het model wordt minder nauwkeurig Naast de zuurstof 
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verdeling in de capillairen wordt doorgaans ook het effect van de snelheid van de 
rode bloedcellen in de capillairen op de zuurstoftransport verwaarloosd. 
Deze twee vereenvoudigingen worden in dit proefschrift nader bekeken. In feite 
gaat het hier om de hematocriet, de fractie van het bloedvolume dat door de rode 
bloedcellen wordt ingenomen, en de snelheid van de bloedtoevoer. Deze twee bepalen 
de hoeveelheid zuurstof die toegevoerd wordt. Uit het onderzoek blijkt dat, wanneer 
het produkt van deze twee constant is, dan niet automatisch ook de zuurstofspanning 
(рОг) constant is. 
Om deze effecten te onderzoeken wordt gebruik gemaakt van modellen die slechts 
kleine volumes in ogenschouw nemen. Het is echter de bedoeling dat de uitkomsten 
gekoppeld kunnen worden aan modellen voor grote weefselvolumes. 
De koppeling van de kleine en grote modellen wordt vereenvoudigd doordat de 
effecten die in de kleine modellen onderzocht worden, samengevat kunnen worden in 
een enkel getal, dat we Extraction Pressure (EP) noemen. Deze grootheid geeft de 
grootte aan van het verschil tussen de gemiddelde pCh in de capillairen van zowel 
een vereenvoudigd model dat de twee effecten in het capilair niet meeneemt, als een 
complex model dat wel rekening houdt met deze twee parameters. 
Het eerste probleem dat bekeken wordt is het feit dat zuurstof in pakketjes binnen 
komt: de rode bloedcellen ('particulate nature'). Als de afstand tot zo'n zuurstof 
pakketje groot genoeg is, lijkt het alsof de zuurstof uit één punt komt. Dit kan 
vergeleken worden met licht dat van een ster komt. Het lijkt een puntje, maar in 
werkelijkheid heeft een ster wel degelijk grote afmetingen. Een bron waarvan alles 
uit één punt komt, wordt een puntbron genoemd. Het voordeel van het werken met 
puntbronnen in een model is dat de benodigde wiskunde wat eenvoudiger wordt en 
er analytische (deel)oplossingen gevonden kunnen worden. 
Om hel niet te moeilijk te maken is er eerst een model gepresenteerd waarin 
de snelheid van de bronnen weggewerkt is. Dit is gedaan door het model steeds 
in een vaste situatie te bekijken. Het is te vergelijken met een vliegtuigpropeller 
die met een stroboscoop elke keer zo belicht wordt dat het lijkt alsof de propeller 
stil staat. Uit dit model blijkt dat de afstand tussen de zuurstofbronnen een groot 
effect kan hebben op de EP. De рОг zoals het weefsel die ervaart ligt dan een stuk 
lager dan dat wat verwacht v^irdt op basis van een homogene zuurstofverdeling en 
de zuurstofsaturatie van het hemoglobine. 
Om ook het effect van de snelheid van de bronnen te kunnen bekijken is het model 
uitgebreid. Het nadeel van dit uitgebreide model is dat het niet gebruikt kan worden 
in berekeningen met het zuurstof-bindende eiwit myoglobine in het weefsel. Uit het 
stroboscoop model bleek echter dat de aanwezigheid van myoglobine de grootte van 
de EP nauwelijks beïnvloedt. Het blijkt wel duidelijk dat het effect van de snelheid 
niet verwaarloosd kan worden. Beide modellen zijn semi-analytische oplossingen en 
resulteren in algoritmen die een snelle berekening van de EP mogelijk maken. Helaas 
is die schatting van de EP met deze modellen niet nauwkeurig genoeg om in andere 
modellen te gebruiken. Daarom zijn er ook numerieke modellen ontwikkeld. 
In deze numerieke modellen worden de bevindingen met de semi-analytische 
modellen kwalitatief bevestigd. Een verhoging van de hematocriet levert een lagere 
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EP op en een toename van de snelheid van de bron resulteert in een lagere EP. Mat 
name in hoofdstuk 8 blijkt dat het effect van een verandering in de afstand tussen 
de zuurstofbronnen belangrijker is dan een vergelijkbare verandering in de snelheid 
van de bronnen. Uit berekeningen met gegevens van rattehart blijkt dat de EP 
kan oplopen van 0.5 kPa tot 3 kPa. Dit model is in hoofdstuk 9 gebruikt om een 
benaderingsalgorithme te ontwikkelen. Verder wordt in dit model ook het effect van 
de beweging van het plasma tussen de opeenvolgende rode bloedcellen meegenomen. 
Aroesty en Gross waren de eersten die modellen van plasmabeweging koppel­
den aan modellen voor zuurstoftransport. Het model dat zij ontwikkelden is nader 
bestudeerd in hoofdstuk 6. Zij gingen uit van een zeer eenvoudig model. Verder 
kozen ze zeer eenvoudige randvoorwaarden voor de berekening van de рСЬ in het 
plasma die, zoals uit latere modellen bleek, eigenlijk nooit op deze eenvoudige ma­
nier voorkomen. Door hun keuze van de randvoorwaarden voor de berekening van de 
p 0 2 kwamen zij tot de conclusie dat de snelheidscomponenten van het plasma geen 
effect hebben op de zuurstoftransport van het capillair het weefsel in. In hoofdstuk 6 
wordt getoond dat die met andere randvoorwaarden wel degelijk van belang kunnen 
zijn. Er wordt daar ook duidelijk gemaakt dat het gebruikte model te eenvoudig is 
om goed uitsluitsel te kunnen geven of er in werkelijkheid nu wel of geen effect van 
plasma mixing is. Er moet tenminste een dunne laag van weefsel rond het capillair 
in het model gegenomen worden. 
Dit heeft geleid tot de ontwikkeling van een model dat de kleinst mogelijke 
functionele unit bevat: een rode bloedcel, of eigenlijk twee halve, met bijbehorend 
plasma en weefsel. Voor het oplossen van de vergelijkingen wordt gebruik gemaakt 
van het verschijnsel dat er steeds weer terugkerende patronen te ontdekken zijn in 
de рОг in een weefselcilinder. Zowel processen in de rode bloedcel, in het weefsel 
als in het plasma zijn in het model opgenomen. Het effect van de beweging van het 
plasma op de zuurstofoverdracht langs de diverse randen is moeilijk te doorgronden. 
Daarom wordt er vooral gelet op het totale transport door de capillairwand. Het is in 
elk geval wel duidelijk geworden dat het effect van plasmamixing beduidend kleiner 
is dan het effect van zuurstof dat in aparte pakketjes door het capillair gaat. Toch 
kan het effect van de snelheidscomponenten in het plasma nog een verhoging van de 
EP met ongeveer 0.15 kPa tot gevolg hebben. Dat komt in dit model niet door een 
groter zuurstoftransport door de capillairwand, maar meer door een herverdeling 
van de zuurstof in het plasma, waardoor de zuurstofverdeling in het capillair meer 
homogeen wordt. 
Omdat numerieke modellen nogal wat rekencapaciteit vergen, worden ze vooral 
gebruikt voor kleine modellen. Aangezien de effecten in een simpele grootheid, de 
EP, gevangen kunnen worden, is er een eenvoudige benadering ontwikkeld die weinig 
rekenkracht vergt en toch dicht in de buurt van de waarden komt zoals berekend 
met de numerieke modellen. Deze kan goed gebruikt worden in modellen van grote 
weef sel vol umes. 
Tenslotte wordt in de conclusie ingegaan op een aantal fysiologische aspecten van 
de effecten van hematocriet en snelheid op de zuurstoftransport die van praktisch 
belang zijn. Vooral hemodilutie, verdunnen van het bloed, staat in de belangstel-
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ling. Het is een methode die gebruikt wordt om het moment van bloedsuppletie 
tijdens operaties uit te stellen. Uit de modellen is gebleken dat in dergelijke geval-
len de bloedtoevoer naar verhouding sneller moet toenemen dan de afname van de 
hoeveelheid rode bloedcellen in het bloed. Dit blijkt onder andere uit de koppeling 
van de benaderingsformule voor de EP aan een model van een groot weefsel volume. 
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